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P K E F A C E 


In applying the general principles of the Calculus of 
Differences, laid down in the Appendix to the Translation 
of Lacroix, we have assigned the first place to Examples 
purely analytical of the methods themselves, endeavouring 
always to select such as may not only be useful to the stu- 
dent as exercises, but also as results, which he may have 
occasion to refer to in his future enquiries, and will thus be 
valuable in themselves, as materials which he will find it 
advantageous in a more advanced state of his knowledge to 
have ready at hand. Many of these results are theorems of 
some generality which we believe will not be found else- 
where, or at least, are not in common use, and where these 
occur, the leading steps of the demonstration are either set 
down, or the principle on which it depends mentioned, and 
in both cases the student will find a useful exercise for his 
invention in supplying what is omitted. We have then pro- 
ceeded to questions of a more mixed nature, illustrative of 
the application of the Calculus of Differences, to a variety of 
subjects in which it may be employed with advantage as an 
instrument of investigation, such as the determination of the 
general terms of the series when the law of their formation 
is given, the theory of circulating functions, continued frac- 
tions, the determination of curves from such properties as 
involve a series of consecutive points separated by finite 
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intervals, the doctrine of Interest and Annuities, and such 
other subjects as can be properly treated within our limits. 

The want of a regular treatise, on the Calculus of Differ- 
ences in our language, has long been a serious obstacle to 
the progress of the enquiring student. The Appendix 
annexed to the translation of Lacroix’s Differential and 
Integral Calculus, although from the necessity of studying 
compression it is not so complete as its author could have 
wished, will, it is hoped, remove this obstacle in some degree, 
and at least put the analytical principles of the pure theoretical 
part of the calculus in the reader’s power. But the method 
of applying those principles, and the formulae derived from 
them, to the various cases and questions of pure, as well 
as mixed mathematics, in which they may be advantageously 
introduced, also demands some degree of explanation, and 
accordingly, in such of our examples as have this for their 
object, the reader will find the successive steps of the pro- 
cesses fully detailed, till the questions are reduced to such 
analytical difficulties, as the Appendix, or the preceding 
problems will enable him to surmount by himself. 
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EXAMPLES OP THE DIRECT METHOD OF DIFFERENCES. 

i • 'i ■> i 

In the following questions, x is supposed to be the 
independent variable, so that A x is unity throughout. 

(1) . Required the differences of sin x8 and cos x 6, 

9 being constant, • | ) 

A sin x 9=2 . sin - . cos (x 6 4- - | 

2 V 1 2/ 

$ . / 9\ 

A cos x 0 = — 2 . sin - sin ( x i + - 1 
2 V 2/ 

t ' ’ ; - 

(2) . Required the differences of sin (A + x 6) and 

cos (h+x9) 

t t r. ( . fii» ; ' ; . i. i-i 

A sin (A + x 6) = 2 . sin ^ . cos ^ A + (jr + 9 | 

A cos (A + x0) = — 2 .sin -.sin 

(3) . To find the (.2 n) th and (2 n— l)' h differences of the 

•ame functions, ! „ J - lr: , ^ ( , 

A“ sin <h + x 9) = ^2 sin ^ . sin j A + (x + n) 6 { 

A** cos (A + x 0) — ^2 sin ^ . cos { A +(.» + n) 6 j 
A 1 " — ' sin (A + ,rfh = 
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'-cos{a+ ( x+^J-e)} 

A 1 " — 1 cos (A + x ®) = 

= _(2sm ?)“ _ .sinjA+^+ e) } . 

In like manner we may obtain the following differences: 


sin 0 


(4) . Atan*«« COiltf . C08(i -+-^' 

. • „ — sin 0 

(5) . A cotan x 0 = — : — - — — — , 

v ’ sin x 6 . «n (*+ 1)0 


a*' + 1 

2 a 1 ’ 

o*‘-l 

«»* +, -r 

2* (a 3 ' + 1) 

s 2* . * 


o‘‘+ 1 


( 8 ). 


(9). 


A • 2 * s * n- 5t = 2 * + * • s ‘ n gnpi ■ C 8in 2* + * ) ' 
A • 2 ” ( Sin ?)’ = 2 *' + ’ • 0 in 2^)** 


tan 


0 


fl ■" o» + 1 

(10). Atan-^- r 

cos - 


2 * 


(U), 


0 0 / 0 v 

i. A. tan-. =— 2'. tan-, (^tan 


(12). A. (-2)*. sin - 

‘ 0 / 0 V 

= ( - 1 )* + - . 2 * + * • sm jp-qn^cos . 


Digitized by. Google 


3 


(19). A 


sin 


2 .. 


2 * + * 


2' . sin _ 
2' 


2' . sin - 
2 * 


(1*). A 


(15). A 


1 


2' . tan — 
2' 


tan 

2 ' + 1 

2 * + ' 


t i {ta*> 


(1(5). A 


0 

cos — 
2 * 


sm 


0 

' 2*+ i 




rotra 


(17.) A cot V'O = - 1 

sin 2’ + ‘ O' 

f ~ j • "-•Vi*/’ 

(18.) A ] °g ( 2 sin gJg ) _ log tan 2*9 

2 * 2 * + 1 

(19.) A !_ = _ 1 

^2" . sin — ) (v + ' . cos -i. ) 

*h -ft jihMSt. * .<*(*>•* hr. 

(20.) Let /, = sin (a + x 0 ) ; e , = cos (u+afl), then 

1 




> f»\ 


e..c s + l ....c, + n + l 

! ;0iUT(J fiktf y i J rt sfiii^rh 

= 2 sin (/»+ 1)'8 . - , + » + ■ 


I luvo.qxs 
ii/iiiM-iA) 


(21.) The same notation being employed, 

*** ^+1 • ^Jr-f-'a 
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(22). A 


(- 1 )' 


s * * -4- 1 • • • • fr -f •» + 1 

= 2 . cos (n + 1)0 . J~. i y + 1 .- J '+' + i.. 

*• ' *s + i * • • • -f 2* + i 

<„>. a IzlL- = 2 . cos 0 . 1)< + ‘ 


‘ O -f 1 


O.Cr + . 


(24). A <"»y — 


2 . cos (n 4- 1) 0 . 


(~iy+ > .r, + » + < 

c l • c t ■+• I ... .<!» + > + ■ 


(25). Required the difference of arc tan x 0, or (as we 
shall in future designate this function) tan~ 1 x 0. 


\ 

) 


A tan~'.rfl — tah — ’ 

i 


ft 0 t } 
h + 8‘x+o*x‘$ • 


The expression tan“’.r0 must not be confounded with 


(tan * 0) — ' or 


1 


The reasons for employing this mode 
tan x 0 6 

of expression instead of the geometrical circumlocution arc 

(tan —x 8) or ate tan x 0 are these. 


We have already in the differential calculus as well as 
in that of differences, experienced the great advantage not 
only in point of brevity, but of clearness and symmetry which 
arises from denoting the repetition of the operations expressed 
by d and A, by annexing the number of repetitions as an 
exponent to the characteristic, and we have already seen 
(Appendix, Art 378.) that the inverse operation of integra- 
tion in the two calculi is rightly represented on this principle 
by the same characteristics d and A with negative exponents. 
The same notation may be used to denote the repetition of 
any operation, whether it be such as modifies the form of a 
function, which is the case with those just noticed or such as 
expresses the nature of the function itself, as log, cos, tan, 
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&,c. We may use log* x, cos* x, tan" a, &.c. for log log 1 , 

cos cos cos x, tan tan tan x, St c. respectively, and in 

general 

/(/ (x)) or jf( x ) ma y be written /’(x) 
/(/(/(x))) or ///(x) may be written/* (a) 
and so on, which gives in general /”/” (x) —f"' + n (x). 

If we now enquire the meaning of f° (x), we need only 
make rrzzO, wssl, which gives 

// (x) = / (x), 

and consequently /"(x) .■= *. If now we make m= 1 and 
nr: - t we find 

* t 

//— (x)=/»(x) = x, 

so that / — l (x) must denote “ that quantity whose function f 
is x,” or rather, that function of x which operated on in the 
manner denoted by j\ shall produce simply x. f~ 1 (x) then 
denotes the inverse function of f (x) : thus tan — 1 x will stand 
for arc (tan = x), sin — 1 x, cos ~ 1 x, log — 1 x respectively for 
arc (sin = x), arc (cos = x), e or number whose logarithm 
is x *. The symmetry of this notation and above all the new 


* Tbe notations /* (x), (x), sin"/ x &c. were explained 
by the author of these latter pages in a paper, " On a remarkable 
application of Coles’s theorem” in the Philosophical Transactions, 
1813, as he then supposed for the first time. The work of 
a German Analyst, Burmann, has, however, within these few 
months come to his knowledge, in which the same is explained 
at a considerably earlier date. He, however, does not seem to 
have noticed the convenience of applying this idea to the inverse 
functions tan - *, &c. nor does he appear at all aware of the inverse 
calculus of functions to which it give rise. Burmann is a zealous 
partizan of the combinatory analysis of Hindenburg, the very 
principle of which is the exclusion of all analytical artifice , which 
is no where so strongly called for as in the calculus here alluded to. 
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and most extensive views it opens of the nature of analytical 
operations seem to authorize its universal adoption, not to 
mention the real inconvenience which more than one author 
of eminence has been put to for want of some notation 
founded on principle to express any inverse function without 
introducing a new characteristic. 

The equation which gave rise to this digression is easily 
proved if we call to mind that 


tan ( A - B ) 


tan A — tan B 
1 + tan A . tan B ' 


for, if we take the inverse function tan — 1 on both sides, we 
have 


I -II = tan - ' | T 


tan A — tan B 
+ tan A . tan B 


} 


and for A and B writing tan - 1 A and tan -1 B, 
tan - ' ' A-Un~' 

which the student is left to apply to the case in question. 


(26). Required the difference of tan - ’ (A + x 0). 

0 


A tan — 1 (A + x 0) = tan — ' ^ - 


+0(A + x0) + (A + 


rtf)’}' 

(27.) Required the difference of tan — 1 1 A^Bx 1 ’ 


— ■ ^ a + J> x \ 


= tan' 


* un ~‘\-TVTx$ 

Ab-aB 


lf Ab — aB ) 


(28V Required the difference of tan ~ 1 . u, 

A u. 

A tan ~ ' u, = tan - 1 — — . 

l +»«,«, + , 
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(« 9 ). 


Required the difference of 2' . tan 



A . 2' tan ~ Q) = 2' . tanr‘{ 4 g „^ 3> - v } . 

( 

(30). It is required to demonstrate the truth of the two 
following theorems in which p represents 2 sin 5, 

cos 2 n 5 = 1 — no. sin fl — . cos 2 8 

r 1.2 

"(n— l)(n — 2) ^3 ^ 

T 1 .2 . 3 y 

I 

sin 2 n 8 = - p . cos 9 — — 11 p" . sin 2 5 

r 1 .2 r 

_ » <"-*> ^7*1? . cos 3 0 + &c. 

1.2.3 r 


the sign being alternately + + and the series breaking 

off at p" whenever n is a positive integer. 

These may be deduced from the general expression for 
u, , in Art. 345, by substituting cos 2 x 8 or sin 2x5 for 
u„ developing their successive differences and finally making 
x=0. 

(31). Required the successive differences of x*, x 3 , x*, 
x m , expressed in powers of x, and the law of their coefficients. 

A . x 1 = 2 x + 1 , A* . x* as 2, 

A. i’cS t’ + Sr+l, A’.i , =6r + 6, A’.x’rrS, 

A.x 4 = 4x > +6x 1 + 4x+l, A*.x 4 = 12x , + 24x+14, 

A 3 . x* = 24 x + 36, A 4 .x 4 =24, 

A". a” 1 =: A" e* + ~ A"®" -1 . x+ m < '" 1 ~ A" o” — 1 . x* + . 

1 1.2 

+ m (”»—!) (”+ 1 ) A » 0 „ 

1 . 2 . . . . (m — n) 
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this last equation may be derived from the value of A" . a" 
given in the Appendix, Art. 350, by developing its several 
terms by the binomial theorem, and collecting the coefficients 
of similar powers of x.' If we then call to mind the defini- 
tion given in that article of the expression A” o m the truth of 
the above equation will be apparent; But the most regular 
as well as the easiest mode of obtaining it, is from the gene- 
ral theorem of Art. 361. 

(32). To prove the truth of the following theorems 



(sin fl)“ . cos n fl — 

A" o" + * A" a" + * 

(sin fl)" . sin « fl = 




. 5 ^’ t - 1 ( 2 

ii....(«+ir i ....(«+ 


„ (2fly+ &c. | 

(* + 3) v > 


these may also be deduced from the same general expression 
for A "it, by substituting for u„ sin x fl and cos x fl, and re- 
placing A*m, by the value given in Example (3). 

The numbers comprised in the form A "o” enter so ex- 
tensively into the theory of series, and afford such remarkable 
facilities in the developement of functions that we shall take 
occasion to annex in this place a short table of ; their values 
as far as A 10 a 10 and hereafter to present the most remarkable 
of their properties, sufficient to explain the manner of their 
employment with reference to this object. 

(33). To calculate the actual numerical values of A" o m 
for all values of m and n from 1 up to 10. 
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The inspection of this table affords room for one or two 
remarks. The value of the function A ' o m increases with 
the indices n and m, but is more influenced by the latter than 
the former. The expressions A "o’*, A"o* + I , A" o" + &c. 

go on perpetually increasing in a very high ratio, and end in 
surpassing any assignable number. Their rate of increase 
too surpasses at last that of any assignable geometric pro- 
gression, as we shall soon see. 


(S4). To assign the approximate values of A" o', A" o" + ’, 
A*«* + *, &c. when n is a very high number. 

This may easily be done, if we actually develope 1)*, 
or 


■{•♦(if 


2 + 1 


2 . 3 


+ &C, 


•)}■ 


by the binomial theorem, and compare the coefficients of the 
powers of t so produced with those of the same powers in 
the series, 


A 

n 


A*o* + I 

• ••(« + !) 


< + &c.^} Art. 361. App. 


for we thus obtain 
A»*”= 1.2...*, 


A*o» + '= 1 . 2. ...(«+ 1) x - , 

2 


A-o“ + *= 1 

. 2.. . 

.(. + «)*** + ■, 

A»<r + *= l 

. 2.. . 

,.(» + 3)x 



48 ’ 

A* *■+•=: 1 

.2... 

+ „ 15 « 4 + SO»*-+5»* — 2« 

5760 * 


&c. 
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A* n increases, these functions therefore increase ulti- 
mately at the same rate with those progressions spoken of in 
the Appendix under the name of hyper-geometrical series 
(Art. 414.) and when n is very large, we get, by applying the 
formulae of Art. 411. 

^ .'= ^/(2 ») . I.* -Ofy 

8 V e ' 

or, if we consider that when n is a very high number, 

(n + 1)"= e . n\ (» + 2)‘= e * . &c. 

A .,. + . = v2«j?.„f_(;y 

^ fa. 


A»o" + »a 


48 


If more exact formulae be required, the series of powers 


of - must be taken into the account, 
n 


(35). To shew that 


n A .»(/» + !) 




A* 


1 . 2 . S 


Digitized by Google 



Til*- 


12 

The generating function of u, being <p (<)» that of u, + .is 
<p (t). Let this be thrown into the form 

and developed by the binomial theorem. If we then re- 
descend from the generating functions to the coefficients of 
t‘ in their developements, the theorem in question will result. 


(36). To prove in general that 

+ + me. 


The generating function - <p ( t ) of u, + n must be trans- 
formed into a series of terms of the form 

and their coefficients shewn to coincide with those of the 
proposed series. To develope t ~ * in powers of — 1^ 
put the latter function equal to r and we have to develope 
-j in powers of z, - being a function of i given by the 
equation 

‘■Q- 0 - 


or -■ = 1 + 
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Lagrange's theorem demonstrated in Note E enables us to do 
this- If we put y for i , we have 


which gives 



l — V + zy r = 0 


, , » , »(« + 2r— I) , 

1 + _ z + - '-i 1 

1 1.2 


-t- &c- 


whence the theorem in question results. 


SECTION II. 

Exercises in the resolution of Functions into Fac- 
torials, to prepare them for Integration. 


(1). Po resolve x*, x 3 , x * , into products of the factors 
Xt x 1, x 2, &c.j or as it is sometimes expressed, to reduce 
them to x and its preceding values, 


x*=rx + x (x— 1) 

x 3 =x + 3x (x— l)+x (x- 1) (x— 2) 

x 4 =x + 7*(x— l)+6x(x— 1 ) (x — 2)+x(x— !)(*— 2)(x — S) 

A 5 o’* 


_ A o n , A Q o* . , 

x* = x + x (x — 1 ) 4- 

1 1 . 2 v 1 . 2.3 


x(x-l)(r-2) + &c. 


The general expression may be deduced from the equa- 
tion 

«, + ,=«, +?A„, + AX+fcc. 

(See Appendix, Art. 345), by making u f =,f and then sup- 
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posing i/=0. The values of Ac", A*o", &c. when n does 
not exceed 10 may be taken from the table given in page (9). 


(2). To resolve x, x% a 5 , x 4 , x* into products of the suc- 
cessive factors x+ 1, x -f- 2, &c. or to reduce them to suc- 
ceeding values of x. 

x = — 1 +(* + 1 ) 

**= + l -3 (* + 1) +(*+ 1) (r + 2) 

x*= -1 +7 (x + l)-6 (x+l)(* + 2) + (x + I) (i+2) (x + 3) 
**= +1 — 15(x+l) + 25 (x-fl)(x+2)— 10 (x+l)..(x + 3)+- 


X" = ( — 1) H 


^ Ao* + > 

l~T~ 


+ (x + l) (x +4) 


A’ o" + ‘ 

1 .2 


(x+ 1) 


A 5 o* + ‘ ■> 

+ ■ -(.x + l)(x + 2)-&c. j 

This may be deduced from the same general expression 
for + , by putting — x for x and supposing u f — y" " tr " and 
then proceeding as above. 

(3). It has been remarked (App. Art- 370.) that “ to 
keep the numerical coefficients as low as possible in these 
reductions to the form of factorials is an object of import- 
ance,” and that “ this may be done by a proper disposition of 
the preceding and succeeding factors.” The following ex- 
amples will shew how this is to be performed. 

x*=(x— l)x(x + 1 ) + x. 

j»=(x-2) (x-1) x(x + l)(x+ 2) + 5(x-l)x(x+l) + x. 

x T = (x-3)...(x + S) + 14 (x - 2) . . . (x + 2) + 

+ 21 (x— 1) x (x+ 1) + x. 

In these instances it will be observed that no factorials 
with an even number of factors enter into the expression. 
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This is a simplification of considerable moment, and that it 
takes place in general for x“ + 1 may be demonstated with- 
out difficulty as follows. 

(4). To resolve + ‘ in the same manner, and to 
determine the law of the coefficients. 

Assume x* = v. Then x*" + 1 = v" x, suppose now 
v" = A. + A, (v-\) + A % (v— l)(o— 4) + 

+ A, (w— X) (v — 4) (v— 9) + . . . .A.(v— l)(v- 4). .(v—n*) 

This assumption is possible because the second member is 
a rational integral function of v of the nth degree, and being 
reduced to powers of v, and compared with v* will afford 
n + 1 equations of the first degree for the determination of 
the indeterminate coefficients A„ A„.. . . A n , The follow- 
ing is however a readier and more elegant method. The 
above equation being identical in v must hold good what- 
ever numbers are substituted for v, hence if for v we write 
in succession 1,4, 9, 25, &c., we get 

. = 

2?*=A 0 + (2* — 1*) A„ 

3 w = A a + ($' l — l 1 ) A, + (3* — 1*) (S’— 2') A , 

, &c. = &c. 

Whence we derive 


A. = 1“, 
2 * 


A, = 


lA ' (S*-l*)(S*-8 , ) + (2*- 1*) (2*— 3’) + (!* — «“) (1*— 3*)' 

and so on, the law being evident and the general value of A, 
susceptible of direct expression in functions of x. 


r 


2* - l* t 1 — 2* ’ 

3*" 
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Such then being the values of A,,, A„ &c., we have 
*“+'=xt>"=x { v)+A,(x'~ 1 •)(**- 2*H-&c. | 

= A q x + A, (x- 1) x(x + l) + &c. 
v being equal to x*. 

The law observed by the coefficients is not a little re- 
markable. It extends too with a slight modification to cases 
of much greater generality, and it will hardly be thought 
irrelevant to the present subject to propose and resolve the 
following problem. 


(5). To develope F (x) in a series of factorial terms of 
the following form 

F (x) = A 0 + A % {x -/,) + A, (x - /,) (x -/.) + &c. 

F(x) being any function whatever of x, and f, &c. par- 
ticular values of any other function f, corresponding to the 
values 1,2, &c. of x. 


A process exactly similar to the foregoing, viz., the sub- 
stitution of fy, f„ f 3 , &c. in the succession for x and the 
determination of the coefficients one from another by means 
of the equations thence arising give's A 0 =F (_/j) or, for bre- 
vity’s sake omitting the parentheses 

A, - Ff x y 






A -A A -A’ 


A, 


FA I Fh , Ff 3 

(/-/.) (/.-/,) (f-f) (f.-A) (/,-/,) (/,-/.)’ 


A FA , Ff % 

</. -f.)(f -/,)• Af-f.) t a-A) 

FJ, 

+ (/.“/.) </.-/,) • • (/.-A- 1) ■ 
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Several consequences follow from this theorem ; 1st, If 
F (x) be any rational integral function of x of the n ,h degree, 
and f M any function of x whatever, it is easily seen that all 
the values of the general expression for the coefficients after 
A n must vanish of themselves, giving A n+ ,=0, A n + ,=0, 
& c. to infinity, which is one of the most general and singular 
properties of rational integral functions : (2dly), If jF’(x)=x n 
and /(x)=x% we get the stiries of coefficients investigated in 
the last question : (Sdly), If F (x) = any rational integral 
function of x, and /(x) = x* we obtain a set of coefficients 
proper for the resolution of such a function as 

*.F(t') 

into the form 

A 0 x + A, (x— 1) r(.r+ 1)+ &c. 

which will often be found exceedingly convenient, and of 
which we shall give examples (See Ex. 9, 10, of this section). 
(4thly), If F (x) = any rational integral function of x and 
/(x)= ± x, we obtain general formulae for the resolution of 
any rational function into preceding or succeeding values of x. 
(othly), If i r (x) = (l + a)% and /(i)=r, we get the binomial 
theorem. 

These instances will suffice to shew that this mode of 
developing F(x) is not a mere matter of idle speculation. 
Other and still more extensive applications of it will shortly 
appear. 

(6). To resolve *% x 4 , x 6 , x“, the even powers of x into 
factorials where the preceding and succeeding factors occur 
symmetrically. 

This cannot be done, it is evident, by resolving them into 
factors*, x±l, x±2, &c. because the degree of any ex- 
pression such as 

A 0 x + A, (x— 1) x (x + 1) + 8tc. 


must necessarily be odd. The object may however be 

13 

accomplished by taking x ± - , x ± - , &c- for the factors, 

2 2 

when we shall find 

a‘ = i J 1 + (2 J — l) (2x+l) } , 

= • + 10 (2 x — J) (2 x + 1) 

+ (2 t— 3) (2i-l)(2j +l)(2 r + 3) } 

■** = J- { 1 +91 (2 x— 1)(5I+ l) + 35 (2 .r— 3)...(2 r + 3) + 
64f 

+ (2i-5)....(2r + 5)j. ' 

For i” ; — put (2 x)' — t>, and supposing F (v) = v', and 
/(t»)=(2 u—1)*, we have 

/. = !•, /.=3*,/ J = y, See* 

Ff t =l'\ Ff, — 3”*, Ff % — 5”, &C., 

and we shall therefore have by the general theorem above 
demonstrated (Art. 5. Sect. 2.) 

ir — A a + A, (v— l e ) + zf,(v — 1") (v— S*) + 8cc ; where 

A.= l' m , 

A - | 3 " 

‘ 1»-S* 3*-l*’ 

A - H , 3 M ■ 

’ (1« — 3 a ) (1* — 5*; (S’— 1*)(S*— 5*) (5 l — 1*)(5*-3 1 )* 

Now since (2 xf —v, x w = — , and we therefore have since 

v— 1*= 1 v'W- 1 S l\Z( v )+l j =(2 x— 1) (2 x + 1), 

and so on, the following final result, where A„ &c. have the 
values above written 
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*•"=4- { A 0 + A, (2 x — 1 ) (2 x+ 1) 

2 "* 

+ A,( «i-S) (2x + 3)+&c. } . 

In the same way may such a function as F (x 1 ), any even 
function of x be treated. 

(7) . To complete the factorials 

x (x + 1) (x + 3), and (2 x — 1) (2 x + 1) (2 x + 5). 

N. B. By completing them is meant reducing them to the 
others in which the terms follow the order of an arithmetical 
progression. 

They are respectively equal to 

x (* + 0 + * (* + 0 (* + 2), and 

2 (2 x — 1) (2 j + 1) + (2 x— 1) (2x + l)(2x + 3). 

(8) . Reduce (2 x + 3)’ to preceding values and (x+ a) 3 
to succeeding ones of x. 

(2 x— 1) (2x — 3) (2 x— 5) + 18 (2*— l)(2x-3) + 

+ 76 (2 x— 1) + 64 = (2 x + 3)’ 

(x + fl)’ ’= (a - l) 1 + (2 a — S) (x + 1) + (x + l) (x + 2). 

(9) - Reduce x (x* + 2) 1 to factorials in which the pre- 
ceding and succeeding factors occur symmetrically. The 
application of the theorem in (Art. 5. Sect. 2.) gives 

x (x*+2)* = 9 x + 9 (x— l) (x)(x+ 1 ) 

+ (x— 2)(x— 1) x(x + 1) (x + 2). 

(10) . Reduce (x J +x) (2x*~ 6)* in the same manner 
(x J + .r) (2 x 1 - 6f s= — 128 r + 56(x— 1) x(x+ 1) 
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+ 424 (x — 2) ( x — l)x (x + l)(x + 2) 

4- 176(*-3)(x-2)(x- l)x(x+l)(*+2)(*+$(++(,r-4). ... 
(x + 4). 

(11) . Resolve (x 4 + 1 )’ into the smallest possible number 
of complete factorials. 

(x* + 1)“ = i J 289+ 1 1 40 (2 x — 1) (2 x + 1) 

+ 998(2 x— 3)(2x-l)(2x+ 1)(2 x + 3) 

+84 (2*-5)....(2x + 5)+(2x-7)....(2x + 7)} . 

t 

(12) . Affect w, + I . u,+ 3 with u, and reduce it to 
succeeding values of «,.• N.B. By affecting it with u, is 
meant introducing u, as one of the factors of the result. In 
this and the following examples u, is understood to have its 
difference constant, so that 

u, = a + A x, A u, — A. 

Then, «,+ x . u, + , = u,u,+ , + 3 A u,. 

( 1 3) . Affect u, _ j . u, + „ with u, 

, — 2 A .m, + 6'A* «*,+ ,. 

(14) . Reduce (u , _ to succeeding values of 

(«,-i f + i)* — 

, m, + 4 — 10 A . m, + , u t+3 

+ 23 A’ 

(15) . Affect u,_, w, + , , with «, and reduce it to 

factorials consisting of «, and its succeeding values. 

Ans. + + . + A .ji, u,+ ,— 2 A ! . 6 A*. 
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(16) . Reduce u M u I + t u, + , u I + t u, + i> to complete 
factorials. 

Am. u, u, + 4 +« h Uj u, + 3 + 2A , w J u, + ,. 

(17) . Reduce u, x u, + „ +1 «, + „ to 

complete factorials. 

«, u, + „_,+ ( m-n)h-.u , 

+("»-«) (m-u- 1) A* .u, 

+ (m — «) 3.2. 1 A" 1 — " u, 

(18) . Affect a, u, + , with 

. - Shu, u, + 1 +2 A’u. + SA 1 . 


(19). Reduce u*.u r+ * to factorials in such a manner 
that all the terms shall be positive. 

a, + , + 3 u, + , 

+ 2 A? u,_ 1 u, u, + 1 + 4A s + 


(20). Affect a, j . . . . u, + , with 


u, + 1 u, + , = v, + hu, u,+ ._,+ 

+ » (»- 1) A*u, u, + „_, + n (fi- 1) 1 . h". 

(21 )• Reduce u, . . . . u, + . to factorials ending with any 
value u, + „ + n , 


u, u, + „ = u,+ 

(n -f 1) . m 


..u, + „ + , 

. + w + 1 ■ • • 


. (n+ 1). «x m (m + 1) 

+ : — — n~ u, + „ . 

1 * . 2 


•«/ + » + . 


Ch H- 1 ) n(w- 1) x m (m + 1) {m + 2) ^ &c 


i 


i 
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The investigation is easy if we employ the principle explained 
in (Prob. 4. Sect. 2.) by assuming 

U g . ... U x + H — d .f. n . . . . U r 4. M „ 

+ Bu, + „ + 1 w, + „ + „ + &c., 

and making n, + „ + 1 , »/, + „ + „ &c. vanish in succession, 
which will give so many equations for determining A, B, 
& c. one from the other. The two last expressions are from 
Emerson’s Increments. 

(22). Affect u x+ a with u , , 

“* + o“* + /3 = Z 3 - 0 *w , + a/3. A*. 


(23). Affect K I+a u x+/l « x+y , with u„ 

u x+y = w* w, + 1 w, + i4"( a 'f*/^ + 7 3) Ah, tr, + j+ 

+ (a^ + av + /3 y—a—(3—y + 1) A* H, + a /3 7 . A*. 


(24). To determine the general law observed in these 
reductions, or, to reduce the function 


« w . /, w . x &c. 
x +a * + j8 * + 7 


where the number of factors is n to a series of complete 
factorials commencing with u, and proceeding according to 
the succeeding values «, + n w, + ,,&c. u, being as before 
equal to a + A r. 


Assume A„ + A i u, + A, u, u, + 4 + See. for the series 

and make x in succession — j , — G + i )’ ~ G + 2 )* 

&c. so as to cause the factors w, + 1 , &c. to vanish in suc- 
cession, and the resulting equation will give the coefficients 
in succession just as in (Prob. 4. Sect. 2.) Or we may pro- 
ceed by supposing v = A x, F(v) ac « x + „ • « x + /? » &c. 
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or, f’(u)=(« f a + aA)(o + a + /3A). &c. 
and f, — — a — (x - 1) A, 

and at once substituting these values in the general expres- 
sions there given for the coefficients and reducing. In either 
way we shall obtain for a final result the following general 
and useful 

THEOREM. 

Let S, = 1, 

S t = a + f) +7 + &C. 

S, = <i/3 + ay + 0y + &c. 


S m = a f 3 y X &C. 
Then will 


«* + « • U x+0 ■ U x + y • &C - = 5 - 


A*~ 


+ ~—u, } Ae. -A 8 *. + A o > .S,,_ J -&c. \ 


h n ~ 


■j — 3 M « u i + i { A’ o' . S„ _ , — A" 0 * . S m _ , + &c. j 


A” - ' 

1.2.3 


«, u,+ , w i + I { AV . — 8tc. } +8cc. 


The terms A o° . S H 


in the coefficient of 



A’O 1 


• 5. - A 


A" - ’ 


1 o' . *S',_ j in that of — - u,u, + 1 and so on 
1 . L Z 


being of themselves equal to zero are for brevity omitted in 
the respective series within the brackets, to which they belong. 
Nevertheless to preserve the symmetry of the equation, they 
ought, if not set down, at least to be understood, being in- 


1 


- / 
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eluded in the law of the other terms, and this remark is to be 
considered as applying to all similar cases , A 0 o° being unity and 
A o°. A’ s°. A’ o', A 3 e°, A 3 o', A 3 o', &c. respectively zero. 

Some particular cases of the general theorem deserve to 
be stated separately, as they afford transformations which 
which we may have occasion to use. 

(25). To resolve w*, + 1 into succeeding factors affected 
with u r . Here a = /3 = &c. = 1 : and 

«\ + i = h" +^L_«,x 


Cn. n (n- 

h °~~r. 


n (a “*11 a , i «(«-!) (»-2> . 


A o' *+■ 

2 1.2.3 

+ y~ij UrU ’ + i x 


A o' - 8tc 




(.1.2 1.2.3 V 


1.2.3 


#A + i“/ + .X 


5 "( a z lL ( ” z i>A 3 0 3 - 8tc.K&c. 

( 1.2.3 > 


But this is not the simplest or most elegant form in 
which this equation can be expressed. If we complete the 
series within the brackets by inserting the deficient terms at 
their commencement, and then separate the symbols of 
operation from those of quantity they will become 

C. n . n(n — \) . „ 7 

— A ? 1 o + o — &c. I = - A (1 —0)* 

( 1 1.2 > v 

+ A 1 ! 1 -” o + ” ( ” — &c.| = + A 3 (1 — 0)", &c. 

C l 1 • si ’ , ; 
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Now the reader will find it demonstrated in Art. 17. 
Sect. 7. that the expressions A(l — 0)*, a 1 (l - 0)”, &c. are 
respectively equivalent to 

(— 1)" . j is'- A'o" + A>o* ± A”o* j , 

( - 1)“ . j A c o' — A 3 o' + qp A*e" { , 

(— i y* . j a j o* ... . ± a*«* } , &c. 


or, inverting the order of writing their terms, to 

— a”o*+ a" - 1 e*. . . . ± AO* 

+ A“o*- A"-’o* ± a* o* , &c. 


so that by substitution we shall have 
u"» + 1 =A*+ - p W~ u. 

« n .it . n — 1 .n ■ —r~ a 2 »< 

k"~ t u,u, + l 

1.2.3 -A” - + . 


A"**— 

■**+.. 

■ . ± A o' | 


I 


A* 0* — A* 

1 o’ + . . 

. . TiV 


1 . 2 


A*o*-A*~ 


. . ± A* o' 


+ &c. 

The reader must not be startled by the employment 
of o as an algebraic symbol in such expressions as A(1 — 0)*- 
He will call to mind that this and similar expressions are 
mere abbreviations and have no meaning beyond what is 
expressed by their developement. The transformation in the 
latter part of this problem cannot, however, be compre- 
hended without a previous knowledge of those more general 
properties of the functions A“ o’ which will be hereafter 
demonstrated, and is only inserted in this place that things 
relating to the same subject may be kept together. 

r 

(26). To resolve «*, into u, and succeeding factors 

— I y + 1 ^ A* - h' — u, «, + , + &c.js ... («.) 

* D 
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If in this we put n + 1 for n and divide by u, we get as 
follows : 

= (■ - 1)* l — J— A"- fr- U, + . 

+ lT 2 ~ 8 A " _ ’ + 

(27). Let u,= a+hx, u , = a + k x. To resolve («„)" 
into u, and succeeding factors, «/, + „ &c. 

w(Sy.($+'-y 
= 6 )'{^ + *'*, + *nr r*Y 

or, («,)“ = (£) • (“'. + «)“ 


where a — 


a k — ha' a 


hk 


h k ‘ 


Therefore in the general expression (24) writing u', for 
u. and making /3, 7 , &c. equal to a, we get as follows : 

. k'~ > , /n »(n-l) , , 0, \ 

+ B,(-o - ' a " ’ A o' + &C. ) 

I Vl 1.2 / 

+ ~ »•••- Ike.) 




+ &C 


Now, it will be proved in Art. 17. Sect. 7. that the 
series 
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- a$«»- + w( ” ^ o— ».«»-8cc.|, 

Cl 1.2 > 

+ A 1 i «*— ~ •«— . e + . o*i&c. | , &c. 

Cl 1.2 3 


which the separation of symbols of operation from those of 
quantity (as in the last example but one) produces from the 

h" — ' 

coefficients of the several terms u„ 8tc. and which have 

1 

for their abbreviations respectively 

— A (« — e)", + A’ (q — of, &C. 

are equivalent to other series, the respective abbreviations of 
which are 


(-!)* + •. 


(1 + A)‘ 
(-1)- + ’. 




A* 

(l + if 


A 1 


o', 8cc. 


(1 + A) 

the series themselves being 

I 1 1.2 

a ( a + 1) (« + n - 2) &m | ^ 


1.2 (« - 1 ) 


(- 1)* + *JaV-| 


A V. 


«(“ + !) (q + n — 3) 


<r\, &c. 
* 


*4” — i v » — -/ . 

1 . 2 ... .(« — 2 ) 

and the term a* itself is shewn by (Art. 17. Sect. 7.) to be 


1 


— o', or to the series 


equivalent to ( — 1 )" . 

(1 + A)" 

( _i)4 9 -_ ± ••■(«+»- 1> 

C 1 1 . 2 .... » > 
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Thus v»e arrive at the following equation 

-y h) i (1+A) “ (1+A) “ 

+ — &c. 


(1+A) 


1 . 2 



which affords an indefinite number of different ways of trans- 
forming any given expression of this kind. For example : 


( 28 ). 


(* + «)*«(- 1)“. { 

Ml-f A) a 


H — o' 

n+^) a 


- * (g+i) 

1.2 


(1 + 4 ) 


— &c. 


<r.- + 

« i 


SECTION III. 

Exercises in the Reduction of Fractional Expressions 
to Integrable Forms. 


(1). Reduce to an integrable form, 

(!•+ l)(x+2)(x + 3) e 

It becomes 

1 _ 

(x+ l)(x + 2) (r+ 1) (* + 2) (x + S) ' 

£ _ _ 

<4) ‘ (*+!)(* + 8) 

1 1 , 

/ “ (r+l)(a+2) (*+l)(* + 2)(x + S) • 
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3A 

“«»« + . w. + t 


( 3 ). 


(*>• 



. _ 1 

^9 ^9 4* « + 1 ^i+1 

4 A” 

+ where u,= a +hx. 

v, *. + , 

(x4-l)* _ 1 6 

x(x + 2)(* + S) (x+4) - x(x+l) *(*+l)(* + 2) 

+ 19 27 

x (x +3) x (* + 4)‘ 

3 x — 4 _ 3 I 

(4 a* - 1) (2 x - 7) ~ 2 ' (2 x- 1) (9 x+ 1 ) 

1 , 26 

(2 r-3)(2i- 1)(2 x+7) + (2x— 5) (2x4- 1) 

+ g- 

(2x — 7) (2x4- 1) 


(6). Theorem (from Emerson’s increments,) 


1 


u 


/ 4 * * 


1 n h n (m — l)A a 

, »,M+ .M.+ s 


This is immediately deducible from (Prob. 21. Sect. 2.) 
by making m= 1, writing n— 1 for n, and dividing the whole 
equation so prepared by u, . . . . u, + 

(7). A rather more general theorem (given by the same 
author) is the following : 

1 _ 1 / (n — m)h 

u * 4 ■ *» 4 » «.+ «“<4»4i 

+ («— m) (h— >»- l) A* _ &c 

*** + m + m + 1 *** ■+• m 4* « 

which may be proved by a process almost precisely the same. 


V . 


*» 1 
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These two transformations are not without their use in 
facilitating reductions of a certain class. For instance, 

(8) . To reduce J to an integrable form, 

1 _ 1 2 h 2 V 

«, + . «, U,U, + l U, , 

therefore 

1 1 2 h 2 V 

U, — i S, — i M, 11 jr — i" 1* ' • ’Sf + t 

(9) . To reduce i in like manner 

u . . , 

1 _ 1 _ 3 h 6 A* 

Uj + $ + a **i + S + , + i S x ^ j S, + 4 

ah 1 

V x + ! ,u, + 3 u, + i u, + i , 
and 


I 


1 


3 A 


6 A* 


. «» + s u, « x + , m x n x + , u,....u, + 4 

_ 

« J + S ' 
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SECTION IV. 


Exercises in the Integration of Equations of 
Differences. 


(1). To integrate the equation 

«.+ i - (*+!)«.= 1*2 (■*+!). 

The complete integral is 

u,= (C + *) X 1 . 2 x 

C being an arbitary constant quantity. 


( 2 ). 


“*•4-1 — q a* 1 

«,= C • a** - ' -f 


1 — a p ' 


(S). 


(* + 1)* { «, + , —au,} — a’ 


u,=C . o*+ a*~* . E ? 

<* + 1 )’ 


= C.a' + a’- 



+ V+” 



In this Example the integration of 


1 

( 1 +^ 


cannot be per- 


formed in finite terms, unless we express it in a series the 
number of whose terms is variable. This we have done, and 
in many cases (as we shall see) such a result is useful and 
satisfactory. 


(4). q «,= 0 
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■ "■‘' c \i*v(W r A' 

v7 W^Y 

f 

'C and *C being two arbitrary constants. 

(5). v„ + j - a(.r-f 2 )m, + 1 + b(x + )) (r + 2)#, = 0 
u,= 1 .2.. ..x j ‘C. a'+»C./3* { 

a and ft being the two roots of V + 'a u + b = 0. The inte- 
gration is performed by assuming 

»»= 1 -2 xxv,. 


(6). «, + , +«p" .y* 


„(» — •)* 


«. = />” + ’ { ‘C.a’ + 'C ./? } H 

<1* + a p q -f* b p* 

a and /3 being the roots of 


«* + u + ~ = O. 
P* P 


(7). U, + , + a . <f> (x-{-])w, + , ■+• b . <p (x) . 0 (x 4- \)u,=:e, 
<p (x) being any function of x whatever ; 

i*0(x - 1) x 


£‘Ca'+’C/3' 


f'+ «'-■ 2 


13’. l*<p(x + 1) 


}■ 


P*(x) denoting 0(1) .0(8). .. .*(*), and a and /3 being 
roots of u’ + o u + b = 0. 

( 8 ). «, +3 + flp'«, + ,+ ip"«, +1+ o 

« (» + 1) 

"•.= P a { ‘C.-x'+^C.^ + ’C./J 
°> A y, being the three roots of 

“ 5 + —«*+— « + — = 0 
p> P 1 f 
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(9). «,+ . +ap‘u x + H _, + bp'‘u, + , ..ip~u,=0, 

* (■> +1) 

u,= p * j ‘C .*'+ ’C ./3* + *C.^} 

<*, /3, . . . . k being the « roots of 


p>*-» 


‘ * (»+» 
/> 1 


= 0. 


( 10) . w x + s + a u r + ^ w, _ . X, , 

u, — 'C . a'+*C./3'+ 

6 Va/ /3* 

a and (3 being the roots of if + au + bz: 0. 

(11) . A"«,= X„ 

«. = ‘C +*C . x + a C . x* + . . . ,'C . x* — ‘-f 2* X. . 

< / ' 

(12) . A », + A’ «, = 42 M, ' 

«, = 'C. V + *C.(- 6 y. 

(13) . (x + S)'.u, + t - 2 - * + 2) \ 

x -f- 1 T 

+ <* ±i )V + S) 

is to be integrated by the help of a given particular integral 

(rn - “■)■ 

u,='c.. _JL_ + *c Y — Y 

X + 1 vx + l / • 

(14.) u, + 1 — 2a’,+ 1 = 0, 

»< = t\ &‘ + C- 1 ' j ; 

The substitution to be used is »,= cosv,. 


1 


Digitized by Google 


34 


(15) . «\ +1 - 4 »%(«*,+ 1) = 0, 

«, = i { o’ - c-*’ | • > 

The substitution is u, = \/(— 1) • sin v,. 

(16) . 4 a,u, + , + a (2 a, + tt, + ,) = 0, 

Substitute - . ^ Vj ~ * for u, and again, in the resulting 
2 v,+ 1 

equation, — cos w T for u,, when it will assume an integrable 
form. 

(17) - «*,+ . - a(4u,- «, + 1 ) = 0, 

Substitute 2 a . "* ■ for u. 

2i>, - 1 

(18) . u, + t u, + 1 u, =«(«, + , + «,+ ,+ «,), 

Assume a, = y/(o) . tan », then will the equation for deter- 
mining v, be 

v, + , + i + ®. = °» 

whence finally 

a,= (a) . tan j *C . cosy + *C . sm-y J . 

( 19 ) . The same substitution will be found to succeed in 
the equations 

a, + ■> + i “• + a («» + j ~ u > + > + M *) = °» 
u, + ,v x+ ,u, — a(.u, + , — u, + l - u.) = 0, 

u, + ,a, + 1 u, 4- «(«, + . + “, + i - «.) = 0- 

(20) . To integrate the equation 

«,+ .«*- + i ~ *0 + 1 = °- 

Laplace, Journ de VEcolt Polytechnigue, Cah. 15. 
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Differentiate it relative to x, and it becomes 

(« + «,+ ,)—■ -{a - ~ 

ax a x 

But the proposed equation gives 

1 . 

a — — 9 

^r+ I "" 

so that by eliminating a , we find 

+ i _ 0 

I +«*,+ , 1 + u\ ’ 

and integrating 


= 0. 


/• du t + l _ /• a u, , _ 

^ 1 + «*,+ , •'Id- 


d u. 


A being a certain function of a to be hereafter determined. 
In fact, since both this and the proposed, are each of them 
complete integrals of one and the same differential equation, 
the one can be nothing more than a transformation of the 
other- Now this latter is equivalent to 


> rJ u > - 
J l+«\ 


because f .. ^ t-L is the same function of u, . that 

/’ of *• Th* s equation is immediately integrable 

(relative to the characteristic A) and gives 
/' - $ u f = six + C 

J 1 + u\ 

C being an arbitrary constant. To determine the function 
A of a we first have to assign f . . Now this is arc 

6 J' 1 + u\ 

(tan = u,) or, tan ~ 1 («,), hence 


36 


therefore. 


tan ~ 1 u M = A x + C 

u, = tan (A x -Jr C) 

u, + , = tan {A x + C + A) 

u, + tan A 
~ 1 — u, . tan A 


But the proposed equation gives 


u.+ 




a 

- , 

«, . - 

a 


which compared with the foregoing gives tan A = -, or 

A = tan — 1 - . The complete integral then of the proposed 
equation is 

u, = tan ^x . tan - + C ^ 


which, although in appearance transcendental, is easily freed 
from that form, and reduced to a particular case of the inte- 
gral found in the Appendix. Art. 386. of the more general 
equation there discussed. The same method applies to certain 
other equations, for which see the author cited. 

(211. To integrate the more general equation 
o, (u, + , - u,) + 1=0, 

The proposed equation gives 

-L = ~ _ ■A u, 

a, !+",«,+ , !+»,«,+ , 


but by (Art. 28. Sect. 1.) we have 

•i tan — ' n, = tan — 1 ( - ^ 

V 1 + u, u, + , ' 
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Therefore this becomes by substitution 

, 1 

A tan — 'u, ss tan 

a, 

and integrating 

_ ,1 
tan~‘ u, = C + X tan- 1 _ 
a, 

or taking the tangent of each member 



The preceding is a particular case of this, a, being there an 
absolute constant. 


SECTION V. 

Exercises in the Integration of Equations of 
Mixed. Differences. 


It will be necessary in the following cases to adhere to 
the notation of partial differences we have before employed 
(See Appendix. Art. 357, 364.) viz. 

d ... _ du d_ _du,, f 

dx ax ay ay 

and so on for the higher orders of the differential coefficients, 


thus 



d m + a u,, v 
d x” .d y" 


The same mode of referring the symbols of operation to 
their proper independent variables may also be conveniently 
extended to the characteristic A, as follows : 


38 



These two different modes of varying the independent 
quantities x, y, may occur together, as in the expression 

~ jL u, = d _ du *.* . 

Ax dy dy dy 

and others of the like sort, and it is manifestly a matter of 
indifference in what order the operations denoted by A and 
d are performed. Equations of mixed differences determine 
the form of a function by assigning a relation between these 
derivatives. In Appendix. Art. $87. we have considered 
mixed differential equations with one independent variable. 
We shall here give a few instances where more than one are 
involved. 


(1). To integrate the equation 


U '+'»=Ty U '-> 


This 


is gives = (~z) <P (y), 


<p (y) being an arbitrary function of y. The reason is evident ; 

for if we take = <p (y), we have w 1>y = j-<t> (y), whence 

a y 


we derive i/ a , y = <£>' ip (y), and so on. 


<*)■ 


Suppose — a 


dy 


u ’.,> 
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Assume 


_ I 


and 


also, 


j a’ + 'v, + lt , -a-v, f , ( 

__y 

= «*■' 

d -I f d \ 


dy ~ " “ 

The equation then becomes by substitution and reduction 

V - + '" = lTy V -’ 

which has already been integrated, and thus we get 

<f> denoting an arbitrary function. 

(3). Given m,+ ,,, = a . “»,»» 

Assume u, a =a’ . tv, , and we find for the integral 




<£)%» 


(*)• «(^) «'+•.» + 6 ( dv ) “'•» =0 * 


dy' 


Assume, «.,,=/>* and we get by substitution and 

division of the whole by jf, 

p'v. + t „-ap . * t>. + + i . (0 »,.,=0. 
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In this equation the sum of the indices x + 2, x + 1, x, 
below the v in each term, and the corresponding exponents 

0, 1 , 2, of the symbols of differentiation — - is the same : if 

a y 

then we suppose 
we shall have 

+ = (ij) + 0(y) ’ 

and the whole equation is divisible by this function, leaving 
p* — ap 4- b = 0, 

to determine p. Let a and (i be its roots, then since the 
proposed equation is of the first degree, and either 

«* . <p‘ (.v) or P • < t > ' to) 8e P aratel y satisfy if > 

their sum is the general expression for tt x>y , 

= op* (y) + ft ' • gp ** cv) 

<p, (y) and <p, ( y ) being two arbitrary functions of y. . 

d ,/d \ * 

(5). fl — «> + , + \~dy) + 




<dy 

Let a, /?, 7, &,c. be the roots of 

u" — a u* — 1 + b u" ~ * — . . . . ± k = 0, 


then 


(^j~) *‘to) + z 3 '- <M.v)+ &c. 

0, (i/), <p, (y), (p) denoting » arbitrary functions of y. 
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But here a remark of considerable importance offers 
itself. It will immediately be observed that the process by 
which the above two equations are integrated is entirely 

independent of the nature of the operation denoted by—. 

" y 

It might have been any other, and thus we might by the 
same process integrate 


A 

I.v + b i 

< A Y 

-+• n, y a *T _f. M — , 

A y 

Ia y) 


. . ± i 1 

Ca j/) “'• s ’ ~ °* 


or yet more generally 

+ ■, , ^ V + i,)f ^ ^ ^ -f • — j .... 

. . . . ± t v «, , = 0, 

v fc j 

where ^u,_, denotes any linear combination of the differences 
or differential coefficients of u, f relative to y, of whatever 
order we please, nor does its generality stop here. 


(6). To integrate the equation 

(£)’“■■’ —iiT, + * * "■ 


Assume #,,=<»' . e - -v x f , 

a 

and we get by substitution, and division by a* . < 1, 

0={«'v. + '„-aa.-!Lv, + ," + i. (-Jv,.,} 

+ + fy V '") + b -Zy V ”’} 

+ \ J a’ — a a+b } v,' f . 

o' 


* F 
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Let us for a moment suppose v Si , 



then 


it is evident by the preceding problems that this equation 
will become 


n 

O = (n’-an+i) ^ (a*-aa + 6)», + l> . 


+ e '.» : 

a 1 

the factor a' — aa + b being found in each term, if this be 
made to vanish the whole is satisfied, so that provided a be 
assumed a root of the equation 

«* — a a + b = 0, 


any error we may have made in our value of v, it is corrected, 
and calling a and (3 its two roots we see that 

_2 / d Y J / A' 

“ x - f * \d7j) *i(2/) and / 3 '-' y\jj) *•&>» 
each satisfy the proposed equation, so that 

d V -V d V 

a ' • e ' \^) ^ *• <»>* 



A process similarly conducted will be found to lead to the 
following result : 


' “ • (^) <PAy) + *■ (^) (y) + &c. 


rfi/> 
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Where a, j3, 7 , &c. are the n roots of 

±4=0, 

and <p, (y), . . . . <p n (y) are as many arbitrary functions of y. 



(p (y) and 'I' ( 2 ) denoting arbitrary functions of y and z. 


SECTION VI. 

t • 

Exercises in the Summation of Series by the Inte- 
gration of their general Terms. 

As the integration of any function leads directly to the 
sum of the series of which it is the general term (Appendix. 
Art. 389-) the following examples may be looked upon as 
exercises in that part of the inverse calculus of differences 
which relates to the integration of explicit functions. To 
sum then the following secies, 

( 1 ) . 1 .2.4 + 2.3 .5 + 3.4.6 + &c. } 

S, denoting the sum to x terms, we shall find 

S' = J ( J + 0 f-r+2) (3 .r + 13) 

12 

( 2 ) . l 4 + 3 4 + 5 4 + .. ,.( 2 a:— l ) 4 = .S', 

v _ x(4.a l - 1 ) (12 — 7) 

15 
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(S). A',= 1 +2/7 + 3 /> a + 4/r‘+&c. 

s, = 1 - p* ( I + * — * p) 


Sum to infinity (when p < I ) = S = 

(4). 


10 14 


1 

(T^p)’ ' 
18 


1 . 2 . 3 . 4 2 . 3 . 4 . 5 3 . 4 . 5 . (i 

S - 2 2 • 6' = 2 

' 3 (* + ■!) (*+3)’ " 3 


+ &c. 


(S). 


+ 


1 


s /2 (1 + •/*) (1 + >/ 2 ) (2 + v / 2 ) 

1 


+ 


*3 — r + &C. 


(2 + v/2) (3 + v/2) 


S, = ■, S = — • 

v /2(r + v /2) V2 

(6) . 1 . S 2 + 5 . S* + o . V + &c. 

S _ £( 6 ■»’+ 16 a-* + 9 i-4) 

(7) . 2. o.8 +4. 8. 14 + 8 . 14. 26 + 16 .26 .50+ &c. 

s _ 36 . 2 U + 84 . 2" + 36.2'- 176 

* 7 


See Appendix. Art. 374. 

3 9 ,2? 


( 8 ). 


81 


5.7 7.29 29 . 79 79 . 245 


+ &c. 


S ' 20 4 } 2 + (- 3)' j ’ S 20* 
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( 9 ) 1 - + 3 - 19 + —LJ*L- tttc 

( ’ 2. 5 . 8 . 11 5 . 8 . 11 . + 8 . 1 1 . 14 . 17 + 

S. — — — — l — . See'Ex. 11. 

27 (3x+2)(3a -f 5)(3.r + 8) 2160 

2 5.11 8.11 s 

v 1.3.5 3.5.7 5.7.9 

S, = - . See Ex. 1 1. 

24 8 (2 x + 1 ) (2 .i + 3) 

(11). To sum the series 

P_ + <F + g>- J + (p + 2y)j a + &c 

U'U.U, u„ _ , «, u, u m(J u, Uj u„ + , 

whenever it can be done, and to determine the condition 
which must be satisfied to render it practicable, (u. , u, , u, , 
&c. forming an arithmetical progression). 

The (r + l)" 1 term is 

( p + qx) s’. 

u,u, + ’ 

Now the difference of a function 

A ■ s’ 



is easily found to be 

A (j«,-tt, + ..,)^ 

U s « • * • • • 1 

For u, substitute a + hx and the numerator becomes 

(A { (r— 1)« — (m — 1) h J — A (s— 1) h x) s’, 

which compared with (p + q x) s’, that of the function in 
question gives 

ft *V« 

/ _ ? 

' V=Wh' 
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and thus we get for the sum of the series 

L 

M ( 

and for the equation of condition 

1 

q~ h ~ s — l ’ 

also when s < 1 

S = 


(1 -s)h.u 0 Um _, 




The two series immediately preceding this example 
particular cases of this. 


are 


( 12 ;. 


1*. 4 , 2 a . 4" , 3’ . 4 a 
2.3 + 3 .4 + TTJ + &C ’ 

s, = ?+5.£^l1 4 . 

3 3 x + 2 


(13). 


l*-9 2’.y» , 3 J . 9 5 „ 

“ + — - — + — — — + &c. 


3.S 5.7 


7.9 


S x =±f 1 + S ', + ,l 

■ 32 1 ^ 2x + 3 S’ 

(14). To determine in what cases the function 

(p + qx + rx‘)s’ 



is integrable, and in those cases to perform the integration. 
Assume for the integral 

(.A+B x) s’ 


u,. 




(a.) 


and by comparing the difference of this with the proposed, 
we shall find 
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A ~{s-\)h 


( a s—m + 1 \ r 
A /—I ' (/— l)j 


B = 


(r — 1) A’ 
and for the equation of condition 


m — 1 ( 
s — 1 l 



+ s ~ m + 1 
i — 1 



(A). 


Whenever this holds good, the proposed function is 
directly integrable the integral being as above (a). 


If we resolve the equation of condition (A) with respect 
to s, two values of s (real or imaginary) will be found which 
render the proposed function integrable. This may be yet 
farther extended, and by a process of the same nature the 
following theorem may be proved. 


(15). Theorem. It is always practicable to assign such 
values of s, real or imaginary , being the roots of an equation of 
the n lh , degree that the function 

(a + /3 X + 7 X* + V X°) ■ S* 

U* U, -4- 1 • • .. .. . * u, m — , 

shall be directly integrable , a, /3, y, .... v, being any given quan- 
tities, and u, being of the form a+hi. 


(16). To integrate the function 

(Ax + a) (h x + a + A)’ 


or to slim the series 


(a + A) ( a 
2 1 


1^ I n +Ay + 

(a + ‘2 A) V a J 


( a 4- 2 A) (a + 3 h) 


+ &C- 


Digitized by Google 



This function satifies the equation of condition (ft) of (14), 
and we shall therefore find for the value of the integral, or 
the sum of the series to x — 1 terms 

c a' A (x — 1) - a S q + A \ M 

A* (2 a + A) hx + a V a ) * 

or, determining the constant, and writing x + 1 for x, 

S = + h) S i . hx — a / a + A X** + * } 

A* (2 a + A) t A (* + 1) + « V a / 5 

This comprehends as a particular case the two series 
summed in (12) and (13). As series of this sort are not 
without their interest, especially when considered in an ex- 
tended point of view, a few more cases are subjoined by way 
of farther exercise. 


< l7 >- TT S *i + TT>*h Ti + 
1- 1 Sm i • 

4 t (2x+l).S'J’ 4 


3 14 1 

(18). x - + — — x — + &c. 

K J 1.2 2 2.3 2 


$,= 1 


1 


(x + 1) • 2 r 


s = i. 


(19). 


5 1.6 1 7 I 

* r + ^rrr— : X — + ~ — - x — + &c. 


1.2.3 2 2.3.4 2” 3.4.5 y> 

■v - 1 - 1 *=» 

' 2 (x + l)(x + 2) -2' r 2 * 


( 20 ). 1 + 


2+3+....x = ?i?i±l). 


(21). l' + a* + 3*4- x*= ■*)(£ + I ) ( J + 2 ) _ x (x+ 1 ) 

3 2 
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(22). 1 J + 2> + 3* + . . . . x a 

= x (x + l) (x+9)(x + S) _ x (x+1) (r+2) L x(x+l) 
4 1 + 

- (^y. 


(23) . l*+2‘ + S’ , + ....x' 1 =S, 

3 r t*+l) __ CiV jr( J+ l)(x + g) ) 

<• 1.2 1.2.3 'I 

4- A»„» *(*+Q...;(X+») | 

1 . 2. ...(» + 1) • ) 

See Equation (a) of Art. 26. Sect. 2. where 4=1, u,=x+ 1. 

The same sums may also be exhibited as follows : 

(24) . 1+2+.. *x=I<£±I>. 

, 1 .2 


(25). 


i* + 2- +....*•= + 1 

+ (2x-l)(2x+l)(2x + 3) f ' 


( 26 ). i»+o»+ , 

4 

x (x + l) 


(27). l«+2* +....^ = -i{ifjti + 

32 C. 1 


+ 10 (2X ~ 1)(2 * + ^(g* 1 + 3) 


+ 


(2 ,r — 3) (2 r — l)(2x + l)(2x + 3)(2x +5) 


N 


Digitized by Google 



50 


, (x - I) (■* + 2) x(x + 1) 


(29). In general ; 1“ + 1 + 2” + ' + - . . . ' = 

x(x + \) , {x - !)-..•(* + _g) q. 

— ^ 0 * ^ * 4 

(x- 8 )....(rf!») + &e . 

+ 6 

where the coefficients are those given in (Art. 4. Sect. 2.), and 

l 

1” + 2 l » + *“ = jjjST^rr 

f 4 2 T + 1 + ^ (2a? - 1)(2 j + 1) (2 y 4- 3) + &c > 

l - A„ + iV A, - l*.3*. A, + &c. ) 

the coefficients here being those determined in (Art. 0. 
Sect. 2.) 

(SO). 1+S+5 + .. ..(2af- 1) = *“. 

(31). 1* + 3 a + 5 1 + (2* x — 1)' — ' 

(2 ar— 1 ) . 2 J . (2 J + 1 ) 


(32) . I s +3* +5’+.... (2a?— 1? = 2* 4 -* 1 . 

(33) . The general expression including all these is 

1 »+ 3»-t- 5*“+ (2 ar — 1 )” = 

Aa’" 1 '' a>1 „, (2 J+ 1) — 1 _ 

1 1 

(2r + 1 ) (2 x + 3) - 1 .3 

* 2 
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(34). (a+A)“+ (« + 2A)» + (a + 3A)"+ .. ..(* + xhf = 

= »,"+«*,+ u n , 

where u, — a 4 - /i x ; 



Expressions for the sums of the powers of the natural 
numbers were first given by Wallis in his Arithmetica infini- 
torum for the purpose of applying Cavalerius’s method of 
indivisibles to the quadrature of curvilinear spaces whose 
ordinates are rational integral functions of their abscissa:. 
Their theory was treated in a more general way by John 
JJernouilli, and after him by Euler, to whom we are indebted 
for the general theorem for the expression of 2 u, in a series, 
whose numerical coefficients (from their identity with those 
found by John Bernouilli in the case of 2 x") he called by the 
name of that Geometer. The expressions given in the above 
and some following examples for these sums are different 
we believe from any yet noticed, and seem to be the simplest 
their nature admits. 

(35). cos 9 + cos 3 9+ cos 5 9+ cos (2 x— 1)9 = 

_ am a 9 co8 T 0 (Append. Art. 373.) 
sin 9 


(36). sin 9 + sin 3 9+sin 5 9+ sin (2 x — 1) 9 = 

sin x f' 


sin 9 


. sin x 9. 


(37). cos 9 + cos (9 + h) + cos (9 + 2 h) + ... . 

sin (5 A 

cos { 9+(x— \).h | =cos £9 + f__i ^ 


sin 


O) 
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(38). sin 0+ sin (0 +A) + sin (Q + ih) + . . . , 


GO 


sin I- 

sinH + (*“l Ml = sin}0 + f-Ll A* . 

sin (- h ) 

(39) . 1 . (cos 0)* + 2 (cos 2 0)’ + 3 (cos 3 0)’+ 

— * (cos * ey bs + 

4 

x . . . . 1 /'sin i 0\* 

4 . sin 0 4\ sin 0 / ■ 

(40) . 6in 0 . cos ^ + sin 2 0 . cos 3 \js + 

sin x <p . cos (2 i — 1) ^ = 

' X (l + *) 


= sin{| + *(-+*)}.— 


2 sin 


(§+*) 


sin x | | — \1, | 


(41). 


1 +■ 1 


cos 0 . cos 2 0 cos 2 0 . cos 3 0 
1 


cos 3 0 . cos 4 0 


+ &c. 


S=, } See (Art. 4. Sect I.) 


(42). 


sin 0 . cos 2 0 cos 2 0 . sin 3 0 
l 


+ — 


sin 3 0 . cos 4 0 


&c. 
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1 


(43). _ 


+ — 


1 


sin 0 . sin 2 6 sin 2 0 . sin 3 6 

1 


sin 3 0 . sin 4 0 


+ &C. 


S = ~ cotan (x + 1) 0 + cotang 6 
sin 0 ’ 


(44). 


1 


cos 0 . sin 2 0 sin 2 0 . cos 3 6 

1 


+ 


cos 3 8 . sin 4 0 


&c. 


5 _ (~ iy-‘ + cos 2 (*+ 1)0 tan 0 
cos 0 . sin 2 (s + 1) 0 + cos 0 ' 


(45). 


1 


1 


sin 0 . sin 3 0 sin 2 0 . sin 4 0 + 
1 


+ _t: 


&c. 


sin 3 0 . sin 5 0 

s. = — I + ._ 

2 . cos 0 t sin 0 . sm 2 0 sin (*+ 1) 0 . sin (a +2) 0 S ' 
See (Art. 20. Sect. 1.) 


(46). 


1 


1 


cos 0 . cos 3 0 cos 2 0 . cos 4 0 

1 


&c. 


cos 3 0 . cos 5 0 

5 I + 1 - W* j. l 

2 . cos 0 t cos 0 . cos 2 0 cos(r+ 1)0 .cos(x + 2)0 3 ’ 


See Art. 22. Sect. 1. 
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(4-7). tan 0 + £ tan + | tan t + 8 «. 

See Art. 14. Sect. 1. 

S, = — L_ cot — 2 . cot 2 0, 

2 ' — 1 2 '—' 

S =S I - 2. cot 20.- See Lacroix, Translation, 
0 

Art. 57. 

(48) . (tan 0)” + \ (tan + ($ tan + &c. 

o _ 8 / , 1 \ . ^ J . 

5 V e..; + (u„2 V 

„ 8 . * I 

3 (tan 2 0)* 'S* * 

See Art. 15. Sect. 1. Also Lacroix. Translation, Art. 57. 

(49) . tan 6 . (sec 6 )* + ($ tan (i sec + 

+(* tan !)0 sec !) +&c - 
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(Art. 7. Sect. 1.) 




S, = 2' . ■ 


+ 1 a + 1 

i a — 1 


(5,) - fl -^l + ^ri + ?^T + &C - 

s _ i $ a + 1 _ °«±i ] ; (Art. 6. Sect. 1.) 

* 2 -{- (.ii'fii) - • ■ • 

^ 4. ^ 4. . — 1 4. . 4" 8cc. 

(52}- sin 9 + sin 2 0 *6 sin 4 9 Z sin 8 9 

,'jA -T i - ItEi I* 0® # T 

■-a . 

S , = cot- - cot 2'~'0; (Art. 18. Sect. 1.) 

2 


(53). 


1 + ^+&c. 


(2. cos 0 -) 1 (4. cost) (a • cos — ) 


S,m 1 


(sin 6) 1 / . 6 \* 

(2 . sin — ) 


S = — X - — - i i (Art. 17. Sect. 1.) 
(sine/ #«* 


/ 0\* . 0 / . 0\ l 
(54). sin 0 (sin _) + 2 Sin - (sin _) + 

. 0 / . 9 \* - 

+ 4 sin - (sin + See* 



S.^i(2 a .8i»^ r sm4fl) 

% 

S = - - sin 2 - . (See Art. 8. Sect. 8.) 
2 4- 
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(55) . (sin 6)* + 4 ^sin + 4* . ^sin -J}* + &c. 

8 .- (*-* + £$ - 
S = 6* — ( 8 J^i) ; (Art. 9- Sect. 1. 

V 

(56) . tan 6 (tin ^ + 2 tan ^tan ^ + 

+ 4tanVtanj) + &c. 

4 ^ 8 / 

S, = tan 6 — 2' . tan — , 


S =: tan 0 — 0 . (Art. 11. Sect. 1.) 

0,) - (ci) + (e^Tl) + fe?T«) + 

+ (snTi)' + &c - 

. <? / g* y l_. 

Vsin 2 * 6/ sin 6* 


(58). To assign the value of the continued product, 

P, = tan 6 (tan 2 0)* (tan 4 6)* .... (tan 2' 0)“. 

If we sum the series 

log tan 0 + § log tan 2 0 + $ log tan 4 8 + &c. 

to x + 1 terms By the help of (Art. 19. Sect. I.) and then 
transform the logarithmic equation into an equation of factors' 
by the well known property 

a. log d + b. log .B + Sic. = log (A*. B* , &c.) 


Digitized by Google 



57 

we shall find for the value of P , 

4 . sin A” 


P. = 


(2 sin V + 1 8) v 

and if P be the product to infinity, P = 4 . sin A* . 


(59). To sum the series 
1 

1 + 1 + 1 * 


tan" 


+ tan" 


+ tan - ' 


. 1+3 + 3’ 


1 +2 + 2 * 
+ &c.' 


or, as it would stand in the ordinary notation, 

arc ( tan = ^ \ + arc ( tan = - — ^ + &c. 

V 1+1+1"/ V 1+2 + 2*/ 

to x terms and to infinity 


s> + <t 


net 


S,= -~ tan - 1 / J— } -, .S' = \ ; (Art. 25- Sect. 1 .) 
4 Vx+l/ 4 

bnfi fins (■ f ,i»8 ,TS) rti ooiuupo otlj V vidi ; 

(60) . «n -1 ^ + tan -1 ^ ; + tan- [ I r ^ + &c. 

S, = - — tan - 1 '» = * 1 

4 2 x + 1 4 

Deducible from 26. Sect. 1 . by taking ^+x A* 2r + 1. 

( 61 ) . tan -1 1 + 2 . tan - * I + 2 *.tan -1 ^ + &c. 

the progression of the denominators being 

4 + 3, 4 . 8 + 3. 2, 4 . 8 1 + 3 .2’, &c. 

• ■ > vie': 

S, = 2 ’.tan— _ - Ss si— 7 ; (See 29- Sect. 1 .) 

‘ 2 ' 4 4 
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(62). tan -1 i + tan - 1 — L +tan~ ' — + 
4 13 27 


+ tan 


2 


3 x + 5 x' 

o 


S, — tan -1 I — tan - 1 

2 5* + 4 


, S = tan - 1 i 
2 


(63). To determine in what cases the function 


tan - 1 

is immediately integrable. 


1 

p + q x + r X 1 

and in such cases to sum the series 


tan' 


1 ^ 

p + q + r 

+ tan — 1 


+ tan" 


p + q . 3 + r . 3’ 


p + q . 2 + r . 2' 


+ &c. 


» + 


Let the function in question be compared with the second 
member of the equation in (27. Sect. 1.) and we find 


a 



A = 


q- r 

2 s/(r)’ 


B = - vA r )> 


besides which there remains an equation of condition to 
be satisfied, viz. 


? *-r a = 4 (pr- 1); ( a ) 


Whenever this equation then holds good, we have 


2 tan - 


1 = C - tan -1 j ? } 

p + qx + rx' Lq-r + Zrx)' 


The series 59, 60, 62. are all particular cases of this, 
and their general terms will be found to satisfy the equation 
(a). Other examples are the following. 
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(64). Let the general or term of a series be 


u, = tan ~ 1 


10 x* - 24 x + 12 * 


S, = tan~* (7) + tan -1 (lOx - 7); S a ~ + tan“‘(7). 

2 


(65). Let </, = tan ~ 1 


34 x J — 8 x — 8 ’ 


then 


$, =s tan — ’ (34 x + 13) - tan~*(13); 6' = tan-‘-L. 

13 


(66). Let u, = tan ■ 


74 ** — 12 x — 18’ 


then 

S, = tan->(74x + 31) - tan-'(31) ; S = tan~* — . 


(67). 


Let u, = tan -1 


1 

26 x 1 - 16 r-4* 


S, = tan ~ 1 (26 x + 5) — tan-‘(5)} 5 = tan~‘i . 

5 

The series (47, 48, "49, 50, 53.) are due to Mr. Wallace, 
who gave them under a somewhat different form, among a 
variety of similar ones in a paper communicated to the Royal 
Society of Edinburgh in 1808, as formulae of approximation 
to the arc of a circle (when continued to infinity) to which 
purpose their rapid convergence, even in the most unfavour- 
able cases, well adapts them. In fact we have by (47) 
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in which if we notice that 2 cot 2 0 + tan 6 = ~ we have 

tan 0 

the reciprocal of the arc, expressed in the form delivered in . 
the paper alluded to. The series (50) when continued back- 
wards by writing — x for x gives 


1 

§' 



a* + 1 




+ 

ti* + 1 


I 

2 * 


a? ‘ - 1 
a*"' + 1 


_ a_+ 1 _ o* + 1 
0-1 2 * («* ~ * — 1 ) 

and this sum, when the series is continued to infinity will be 
found to reduce itself to 

a + 1 . 

il — 1 log a 


This expression is accordingly given by Mr. "Wallace in 
the same paper, as affording means of computing the loga- 
rithm of an insulated number (a high prime for instance), or 
at least its reciprocal, at once. It is true the operations are 
laborious on account of the multiplied extractions of roots 
and decimal divisions they require, but they are not on that 
account less valuable. Regarded in the light of elegant for- 
mula: in the inverse method of differences, these series assume 
a higher rank in the scale of analytical estimation, in propor- 
tion to the difficulty of that field of research, and the little 
reason we have to hope for any farther progress in it. For 
this reason, I have added the series (52, 54, 55, 56, 57.) 
which are of a similar nature, but have not been noticed by 
him. Of these (54, 55, and 56.) afford in like manner, for- 
mal* of approximation to the arc of a circle, viz. 

0 — - sin 2 0 + 



+ &c 


1 

* 
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+ ^(sin 0)* + 4 ^sin ^ + 4*^sin ^ + &c. ^ ; (a). 

C J 2 0 0 2 

8 = tan 8 — £tan 6 ^tan + 2 tan - ^tan + &c. f 


These all converge with the same degree of rapidity after 
a few of the first terms, viz. nearly according to the powers 
of l, but for actual computation, the formula (a) far sur- 
passes the rest in convenience. They differ from Mr. 
Wallace’s in giving the immediate values of the arc and its 
square instead of their reciprocals. 


The continued product (59) is due to Mr. Babbage : the 
summation of the series of reciprocal sines (52) maf be 
obtained from it, by taking the logarithmic differential rela- 
tive to 0 and vice versa, the latter may be derived from the 
former by integration : The method, however, in which we 
have here presented them has the advantange of exhibiting 
the principle on which all transformations of the same kind 
ultimately depend. • 

The series (59) and (60) are noticed by Euler in the 
Comm. Acad. Petropol. ix. 1737. p. 234., as well as by 
Spence in his Logarithmic Transcendents. By the former 
they are given as particular instances of a general formula of 
great neatness, at which he arrives by a kind of tentative 
method, but which may be obtained very shortly thus : 

Since A tan -1 u, = tan -1 ( — U - 'Y 28. Sect. 1. 

VI + 


therefore we have 


S tan 


1 + a, u, . 


= C + tan ~ ' 
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Thus we get for the sum of the series 



the following expression 

tan - ' u, — tan - ’ 


Which is in fact Euler’s formula, for u, being a function 
of x of a form perfectly arbitrary, its particular values w„, u„ 
u„.. . .v, to any extent we please, may be looked upon as so 
many arbitrary and independent constants, and may be repre- 
sented by separate letters, a, b, c, &c., which done, a very 
trifling reduction will give the formula in question. These 
series of inverse tangents in which the numerators of the 
fractions under the characteristic tan — 1 are unity, and the 
denominators integer numbers (as 59, 60, 61, 62, 64, 65, 66, 
67.) are extremely remarkable on account of the facilities 
they afford for extending the integer evaluation of the func- 
tion tan - ' (j) or as Spence denotes it 'C(x) . (64. ... 7) 
have not, I believe, been noticed, nor has (6 1 ) which is not 
included in Euler’s general formula, but may be derived 
without difficulty by a method similar to that by which that 
formula was originally obtained, from the following equation 


tan — ‘ - + tan - 1 
n 


1 „ ,1 

— — — = 2 tan - '— ; (a). 

4 tr + 3 n 2 n 


which the reader will have no difficulty in verifying and 
which is analogous to a theorem of Borda for calculating 
the logarithm of a number, by means of three preceding 
logarithms and a series. The same remark applies to this 
class of series as to the rest : they are properly and naturally 
examples of the application of the inverse method of differ- 
ences, however they may have been originally obtained, and 
it may not be amiss to shew how any equation such as («) 
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expressing a relation between three values of a particular 
function may become the origin of a similar series. 

(68). To sum the series 

tan — 1 L - — ^ 4. 2 . tan — 1 ( ! ^ -f 

- '-4 n 5 + 3 . n' \32n 3 +6n/ 

+ 4 . tan '( \ &C 

\256« 3 + 12*/ 

The (x + l)* term is 

2'. tan -1 5 — ! ) 

(.4(2' *) 3 + 3 ,2'»f , + " 

Now in (a), let 2'n be written for n, and the whole mul- 
tiplied by 2*, and we get 

2* . tan — 1 5 ! j — 

14(2 ‘nf + S.2'm5 


= 2' + ' tan- 


1 1 

~r- 2* tan — 1 

2* + ‘n 2'n 


The second member of this equation is evidently the 
complete difference of 2' tan~' -1 , so that integrating both 
members. 


2 + , = C + 2' . tan 


_,JL 

2 *n 


and if the constant be determined as usual we find 

S, = 2'.tan-‘-L-tan--i, S = i -tan~'i, 
2 n n n „ 

(69). Let /» = w, /(n) = 4 n 5 + 3 n, 

> /*(«) = 4/(n) 3 + 3 ./(»), &c. 


Digitized by Google 



64 


Required the sum of the series 


tan -1 — tan - 1 — — . + tan - ‘ -J- - — &c. 


«/*(«) — 

The (x+l) ,h term, or u, + l is 


(») 


i< . = ( — 1)*. tan - 1 — . 

+ 1 ' 2 /*(») 

Now if in the equation (a) we substitute f‘ (ri) for « and 
multiply the whole by ( — 1)' we obtain 

(— l)‘.tan — 1 — - +(— l)’.tan — ' — - — = 

/'+■(») /’(») 

= 2 ( — ly. tan - 


of 


2 f’{n) 

The first member of this equation is the exact difference 


(— 1)* + ’ .tan -1 


/'(«) 

because the two terms of which it consists are the successive 
values of this function due to the variation of x, with contrary 
signs, and that without any regard to the form of the func- 
tion /' (n) considered as a function of n ; the second member 
is equal to 2 u ,+ , ; Hence 

2»,+ , = A .(— l)' + ‘ tan -1 — i_ 

f («) 

J«, + ,=<Z^'.an- / i r) +C, 

whence we obtain for the sum of the series 




S = | tan — , 
n 
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for, whatever be the value of «, the quantities n, f(n), j' («), 
f* (ft), & c. form an increasing series which diverges with 
extreme rapidity. Thus, if »= I, these successive values are 

1, 7, 139S, 10812186007, &c. 

If n then be any integer number,^-!— and the following 

values may even be altogether disregarded, in a nume- 
rical point of view. If we have detained the reader too long 
on this point, its close connexion with the quadrature of the 
circle, will induce him to pardon the digression. We will 
now resume the subject. 

(70) . The series 1, 5, 17, S3, l6l, 485, &c. is a recur- 
ring one. — What are — its scale of relation, — its general 
term, and its sum to x terms ? 

The scale is 

The general term is 

The sum is S'— z— 1. 

(71) . Which of the two series 

1, 0, 3, 2, 6, 11, 23, 49, 223, &c. 

1, 0, 3, 2, 5, 10, 24, 51, 247, &c. 

is a recurring one, and what is its scale of relation ? 

(72) . To shew that 

sin 0, sin 2 8, sin 3 0, ..... . sin x 8, 

and cos 0, cos 2 8, cos 3 0, cos x 0, 

form two recurring series, and to find their scales of relation. 

The reader will remember in order to prove this, that the 
character of a recurring series consists in the possibility of 
expressing any term by one or more of the preceding terms, 
multiplied by invariable quantities. 



()<j 


SECTION VII. 

Problems and Theorems relating to the developement 
of exponential Functions, and the properties of 
the numbers comprised in the form A 7 " o”. 

The equation 

if 

A" u, = (f * — 1 )" M, 

discovered by Lagrange (See Appendix, Art. 358.) and the 
yet more general theorem of Arbogast demonstrated in the 
following article, render it desirable to possess some general 
formula, to facilitate the developement of these and similar 
expressions. We have already seen some of the uses to 
which the numbers comprised in the form A" c“ are appli- 
cable in the theory of series. In what follows we shall lay 
before the reader a connected view of their properties, which 
bear directly upon the point in question, and afford an easy 
and general solution of the difficulty. But their application 
is by no means confined to this, and before we quit this sub- 
ject we shall point out their use in one or two other instances 
where they may be introduced with advantage. 

(1). Problem. To develope f(/) any function what- 
ever of S, in a series of the powers of t, or to determine A 0 , 
A„ A,, &c, in the following equation, 

f (r*) — A q + A x t + A,l*+ A, t‘ 4- & c. 

Lety(l), /'(l), /"( 1), 8tc. denote the values assumed by 

/(*)> dJ P > > &c. the several differential coefficients 

J ax dx x 
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or derived functions of f (x) when x becomes unity. Then 
by Taylor’s theorem we shall have ( h being any quantity) 

/(1 + A) =/( 1 ) +^^ + &c. 

Since this is true whatever be the value of h, suppose it 
equal to e*— 1, and the above equation becomes 

/(O =/( i) +£p(«*- 1) + - !)• + &c. 


The coefficient of f* therefore in the first member f((f) 
is equal to the sum of its several coefficients in the terms of 
the second member. Now, the coefficient of ? in f( 1) is 
f (1 ) x O' being f{ 1 ) when x—o and zero in all other cases. 


jHD, 
1 


In J . y li (e* - 1 ) it is 


/(l) 

1 


l'-O* 


/(I) 


1 . 2 .. 

A®* 


In - 1)% or («“ — 2c’ + 1) it is 

f" (1) .. 2* — 2 . 1* + 0* /"(l) A*«* 

1.2 1 x 1 .2 ’ 1 x 


and so on ; (as is evident if we consider that the develope- 
ment of e” in general is 


1 + j t + 


1.2 




n' 


1 .. 


f + &c.) 


Let these be collected together, and we find for the value 
of A , or the coefficient in f (/) 

A ‘ = TT2^T7x l f{ y ) ■ ° s + f ~r^ A * r + ' A ’ + 8ci =■ } 


Now let the symbols of operation be separated from those 
of quantity, and we get 
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A,= 


- 5 /(l) + £J}} A A 5 + &.C. I s' 

..or X 1 l .« i 


J .2 
/(I + A) o' 
1 . 2. . . . x 


/(I +A)e r being understood (as in all similar cases) to have 
no other meaning than its developement, of which it is a 
mere abbreviated expression, each power of A being under- 
stood to be separately affixed as if by multiplication to the 0' 
which follows. Hence this general 


. THEOREM. 

/(O */(») + j/ ( 1 + A) e + -*1/(1 +A K + &c. 

which will be found to comprise all the properties of the 
numbers A™ a" we shall have occasion to employ. 

(2). Corollary. Hence, if by any of the usual methods 
the developement of f (e') be obtained, or the value of A, 
assigned, that of /(I +A) o' may be obtained in functions of 
x and vice versa, for we have 

a _ /a + 

1 x 

and, 

/ (1 + A) o’ = 1 ' 

4 

For example, we shall have, 


(3). (1 + A) o' = 1*, (1+A)»a’ = 2',....(l+A)-V= n‘, 

whatever value we assign to n, whether positive, negative, 
integral, fractional, or even imaginary. For, 

let /(l + A) = (1 + A)", then f(e') = e n ‘, or since 
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the value of f (1 + A)c' to be found. 

Suppose for instance «= — l, and we have 

__! 0 ‘ = (-I)*. 

1 + A 

Now the first member of this (by the definition) has no 
other meaning than 

{ 1 - A + A 4 — &c. | o' 
or, o’ — A o’ + A 1 o' — &c. 


But in this ( as in all other such series ) -we may omit all the 
terms after A' o’, they being each separately zero , by the property 
of these numbers, (Appendix, Art. 350 ) so that we get, 

o' - A o’ + A* o’ ± A ,'»' = (- 1)', 

or, merely reversing the order of writing it, 

A ’o’ — A’-V+ ± As’ + j* = l, 

whatever be the value of r. It may not be amiss to verify 
this result by a numerical example, suppose for instance .r = 5, 
and taking the values of A 3 c 5 , A 4 o 5 , &c. from the Table 
(Ex. S3. Sect. J.) we have 

120—240+ 150—30+ 1 = 1. 


(4.) Again, we may prove in like manner, that 
? log (1 + A) 1 V= 0, 

unless n = x, in which case its value is 1 . 2. . For since 
(log e‘) n = I", the coefficient of f in the developement of this 
function (regarded as a function of r') is zero unless x = w, 
in which case we have or A„= I, and 1.2.. = 

1.2 n. 
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(5). Thus taking «= 1, we have 

^-^-....±^ = 0 , 

1 52 x 

for every value of a: greater than unity, which may in like 
manner be verified by numerical substitution. 


(6). j iog(l + A) } *./(A)o* = x(x- 1) 

Car - n + 1 )/{A)o'-\ 

The coefficient of t‘ in the developement of /“ ./(r' — 1 ) 
is evidently the same with that of i ‘~ " in that of /(/— 1). 
The former coefficient is 

f log(l + A) j-/(A)o» 

1.2 x ’ 

and the latter, — ° , 

1.2 Car — n) 

which being equated, the proposition is apparent. 


(7). A~"o'= 


1.2 (x + n) L 


5 1 og(l + A) 7 » rr4 . a 

a 5 


An immediate consequence of the foregoing, changing 
only x into x + n, and making / (A) = A - ”. This equation 
enables us to continue the series, 

A° o', A o', AV, &c. 


backwards, to any extent, according to one uniform law, 
though it must rather be regarded as a definition of A — "o’ 
than in any other light, since the value of that expression (or 
its equivalent 2*</) is not fixed by assigning only the superior 
limit (0) of the integral. 


(8). Prop. To shew that whatever be the value of n, 
f j (1 +A)“ } o’ = n‘ ./(1+AK. 


* 
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Take the identical equation 

/ I (c'T } =/(**)• 

The coefficient of 1‘ in the first member of this equation 
(regarded as a function of e') is by (1. Sect. 7.) 

/ l 1 + Ay } tr 
1.2 x 

but, in the second it is evidently equal to n T x into that of 
the same power of t in / (e"), or to 

/o + A >°' 

1.2 x 

Equating these the transformation in question results, 
which is often of great use in eluding very troublesome deve 
lopements. Thus for instance. 


(9). { 1 +*/(< + A) } "V = . (2 + A)" o', 

{ (1 + A)"- l } ” a* = rt* . A” a', 
j 1 +(1 + A)” } " a* = rf . (2 + A)" a'. 

(10). To prove the following very general protarties of 
the numbers comprised in the form A” a”, 

{/(l+A) +/( r ^ x ) (a), 

f/<l + A)-/( r -l s )}.”=0;.. ..<»)• 

whatever be the form of the function denoted by f. 

Suppose 

/(O = A 0 + A, t + A, t l + &c. 
then will f 0 = — A,t + A,t* — &c. 



ft 
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Hence, it is evident that their sum f (e')+ f(e ~ ') contains 
no odd powers of x, and their difference f (S) — f(e ~ ') no 
even ones. The coefficients therefore of t u ~ 1 in the develope- 
ment of the former, and of f in that of the latter expression 
are respectively zero. Now these expressions, put under 

the form / (e') ± f and regarded as functions of f give, 

by applying the general theorem (Ex. 1. Sect. 7.), for the 
aforesaid coefficients, the first members respectively of the 
equations (a) and ( b ), whence the truth of the proposition is 
apparent. It may also be derived from (8) by making 
« = — 1 . Many particular cases of these theorems assume a 
very remarkable form, thus : 


ii we suppose /(I + A) = { 1- (1 + A) } ", we 


(1 1). If we take / (1 +A) = 


1 


i + (i + A) ’ 



A* »** A J t” 
2 * + 1 ” 





above theorem gives the two equations 



and 
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both which may be included in one, by writing it as follows : 

('-fL-Vo' = (-1)* + ' A” o'. 

Vl+A' 


(13). Let us take a transcendental form of /, and suppose 

/(1 + A)= log(l + A), 

then we have it demonstrated (in Note N, p. 683 to Lacroix, 
Engl. Transl.) that 

/(i+A) +/(j“) = 4 log (i + 


but by (4) it appears that log (1 + A)V“=Q, unless 2 x = 2, 
or x = 1, therefore (this case excepted) 

which substituted in (6) of (10) gives 


/(l + A)o"=:0. 

Now the form of f ( 1 + A ) in this instance being the 
transcendent, 

+ + «.■ 


our equation becomes 

’ A o“ A *9** 
l 1 2* 


A" o v 

+ ± _ = 0, 

(«*y 


which will be found verified in every case (r= 1 excepted) 
by actual substitution of the numerical values given in the 
table. To such an extent may the separation of the symbols 
of operation from those of quantity be carried, without the 
possibility of error or misconception. What value the first 
member of the above equation assumes, when the exponent 
of 0 is odd, will be seen hereafter (22- Sect. 8.) 

* K 
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(14). Theorem. Let /, (A) and f,(A) be any two 
functions of A, then will the following equation hold good 

if. (4)-/. (A) } (A >'./.(**) 1 «+✓ i 

where in the second member, the unaccented A is to be 
referred to the unaccented powers of 0, and the accented to 
the accented powers. , 


Let 

f x (f* — 1) = A, A l t + A t + &c. 
f, (/— 1) = «. + t + a, <* + 8tc. 

then will 

/.(«•- 1) x/,(e» - 1) = 

A«.+ I A,a 0 + A 0 a, } t+ { A,a 0 + A,a,+ A 0 a, j /’+ &c. 

The coefficient of ? in the first member of this, by the 
general theorem in (1. Sect. 7-) is represented by 

{ /i (1 + A - l) x/,(l + A -l)j c' 

1 x 

{/(A) x/,(A) }*' 

» 


while in the second it is 

A x o 0 4~ A z — i + A,a x , 

But, because A, and a , are the coefficients of f in the 
respective developements /, (*“— 1) and (/—\) we have by 
the same general theorem 


(«). 

(*)• 


A.— - , a,= — — , 

1 x 1 * 


hence we find, A 


/,(AW — 

1 (ar-1)’ 


&c. 


a > =/s(A )o°. 


_/,(A)®' 


&C. 
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and by substitution, the expression (6) becomes 

{/. { A) o' ./.( A) o° + -/, ( A) a* — ./, (A) a 1 + 

+ /. (A) e* “ 1 •/, (aK + &c } 

Now let the symbols of operation be separated from those 
of quantity, keeping the powers of 0 distinct from each other, 
by the system of accentuation explained in Appendix, Art. 
355, and it becomes 

i -i-^/ 1 (A)/„(A'){e+a'i', 

which compared with the expression (a) renders the pro- 
position evident. 

(15) . By a process precisely similar, we may prove in 
general that 

\f (A) x/,(A) x/,(A) x &c. 1 a' = 

/, (A) •/, ( A'). &C. { o + o +o" + 8tC. { r . 

(16) . Hence also we may shew that whatever be the 
value of n , 

\ (1 + A)"/(A) i o * =/(A) { n + o } 

(w+e)* being developed in powers of o as a mere algebraic 
symbol, and A) being then applied to each separate power 
so produced. For, if in the foregoing proposition (14) we 
write (1 + A)" for f (a) and/(A) for /, (A) we see that 

(1 + A)*/( A) o' = 

(l + A)V./(A)a° + f (1 + a)* a— * ./(A)e*+ &c. 

Now by 3. Sect. 7.) it appears that 

(I + A)' a’ = «*, (1 + A)"e'~‘ = n’~‘, kt. 
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so that the second member becomes 

«'./(A)o° + y n ‘— ‘ ./(A)o‘ + &c. 

which separating the symbols of operation from those of 
quantity, takes the form 

/(A f »»-V+ &c.| 

t i i .a ) 

=/( A) { n + o } 

(17). As a particular instance of the application of this 
let/(A)= a" and let n= — J, and we shall get 

A"(- 1 + o)' = — — fl* » 

1 + A 


or since A"(-l + o)' = (— I)'. A™(1 - o)', 

A’(I - o)’= (- iy . ■ - o' 

1 + A 

= (-!)'.{ A" o'- A™ + ■£,'+ ± AYj. 


This is the transformation we have already had occasion 
to employ in (25. Sect. 1.), and that made use of in (27. 
Sect. 1 •) may be derived precisely in the same manner ; for 
if instead of putting n~ — 1, in the theorem in (14), we put 
n — — a, still supposing /(A)= A", it becomes 


^ ) 


whence, 


A”‘(« — 0/= (— iy. o'. 

(1 + A) a 

and the use of these transformations in simplifying pretty 
complicated expressions, and reducing them to a manageable 
and even elegant form, is in the instances alluded to (and 
especially the latter) by no means contemptible. If we make 
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tn — Oj the terms of a "(a—dy alter the first (A"“' • o a — a‘ . 
A° o° = o') all vanish, and we have simply 


«* = (- 1)*.- 


1 


(i + a r 

as we there asserted. Other uses of the transformations in 
this and the last number will shortly appear. 

(18). Theorem. _/’(A)|(o+«) , .(fc + ®y'.(c+e)*.&c.J = 
=/(A).(l + A')*.(l + A")*.&c. 

| (o+aJ.(o +o"y . (o +o"')’ . &c. \ 

The a’s and their powers being referred by the accents 
over them to the powers of 0, affected with the same number 
of accents. 

To demonstrate it, we have 

/(A) ( a+oY . ( t+oy = 

a'f'(A) (b + oy + — 1 y‘(A)«(6+o) J ' + &c. 

= a‘. |6'/(A)o° + |^-‘/(A)e‘ + 

~ l ~ .lt 1) ^- 1/(A)<>1 + &C *} 

+ £a*~‘ {b>f{A)o x + !*—'/( A) o’+Stc.^- 

+ a : ^~ 1 ) a »— x &C.+ &C. 

1 .2 

Now we have, A , = (1 + a)*o j '} b*— ' = (l + A/o y— ‘ ; 
&c. by (8. Sect. 7.) and substituting these values in the above 
expression it becomes 

<f £(l + A)V.y(AV+ 'Z(1+A)V-' ./(A)a' +&c.| 


4 
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+ j«— ■ ‘|{i+A)V ./(Ay+?(i + A^-‘/(AK+8ic.[ 
, *(*— i) 


I .2 


. &c. 


In this we may now separate the symbols of operation 
from those of quantity, by employing the system of accen- 
tuation, and we shall have for the value of our expression, 

a'./(A).(l + A")* |<,”.r-v+ &c.| 

+ |a—‘ ./(A).(l + A") 4 £ o">.o ' + | a"'- V + &c. j +&c. 

The series within the brackets have for their abbreviations 
respectively, o° (a + o’y, o' (e + o’y, o' ( a 4- o"y , & c. and 
•writing these in their places, and at the same time replacing 
a', a‘~', &c. by their values (given by 3. Sect. 7.) 

a* = (1 + A')* a" ; a’~' ~ (1 + AO* d‘~', &C. 
our formula once more transformed will be 

/(A).(H-A'') 1 { e° (a + o"y } .(1 + A')V' + 

+ y ,/(A)(] + A") 1 j o' (a + o"y } .(1 + A')“a"— 1 + &c. 

and again, finally separating the symbols of operation from 
those of quantity, it will become 

/. ( A ) ( 1 + A' )‘ ( 1 + A")' | (a + o"y (o' a 0 + X - d' ~ ' o' + &c.) | 

=/(A)(i + A'r(i + A7 ! (<>+dy •(o+o"y } , 

and by a similar train of operations the theorem in question 
may be proved, to the full extent of its enunciation. 
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SECTION VIII. 

Application of the foregoing Theorems to the deve- 
lopement of particular Functions, the Summation 
of Series, <Sfc. 


(l). To J -~'— 1 


develope -j-i— in powers of t. 


/(«0 « -L 


/(I + A) o* = 


1 


of = 


1 + (1 + A) 2+ A 
Therefore, by Ex. 2. Sect. 7. 

1 1 


o’. 


A r = 




1 -2 .... x 2+ a 

1 \°1 _ Ag * + . a ^£? 

1 . 2. ... x (.2 2* + + 

Thus we find 1', ^.= l(o-i).-‘. 


0 ° 1 . 
' 2 

A,= 0, and so on, so that 


i _ 1 
l +S 2 


7 + 0 . &c. 
4* 


This is the great advantage resulting from the employment 
of these functions : any series of them such as 

a .o' + 6 A cf+c A*o*+ &c. 

however complicated, necessarily breaks off in a limited 
number (.r+l) of terms, and thus enables us to assign in a 
comparatively simple form, the general terms of an unlimited 


\ 
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variety of developements, which would otherwise be scarcely 
expressible without having recourse to the combinatory an- 
alysis, which ought never, in my opinion, to be employed, till 
every artifice of abbreviation, and every refinement of analysis 
has been found unavailing. 


* (2). To devolope (/ — 1)” in powers of t, 

/(1 + A)«*=(1 +*-!)*✓■ A-*'; 


♦ A H A * /j® 

(^-1)* = A*a° + t + -=-2- <* + & c. 

1 1.2 


A* o' 
l .... n 


r + 


a "o*-*- 1 

I ,2. . .(» + 1 ) 


<" + ‘ + &c. 


This elegant expression was originally given by Mr. Ivory 
(Leybourne’s Repository, 1804. Quest. 60.) and afterwards 
by Dr. Brinkley, Phil. Trans. 1807- i. Both these Geo- 
meters arrive at it, however, by a different method from that 
above pursued. The former mentions it only incidentally, 
nor does the litter, who pursued the subject much farther, 
seem to have perceived the system of which it, and several 
more of the truly beautiful theorems he has given in that 
paper, form a part. To him, however, belongs the merit of 
introducing the numbers comprised in the form A” a” among 
the data of analysis, as objects of ultimate reference. I ought 


too, to notice that the developement of ^ ^ in the form 


above given (1. Sect. 8.) is also to be found for the first time 
in his paper. 


( 3 ). 


To develope - j in powers of t. 


/(1 + A)a* = 


1 _ l°g (**) _ r/ j\ . 

S - 1 d- I * ^ ’’ 

log ( 1 + A) f ,_ _ A_a' 

(1 + A) — 1 U 2 


.. ± 


A‘o'\ 
X + I S ’ 
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and consequently the coefficient of t‘, or 

A,= 1 ... ± 

1.2 ill 2 3 i+l3‘ 

This expression for the coefficient of t’ is given in the 
Phil. Trans. 1815. in a paper, “On the developement of 
Exponential Functions.” 

It has been already shewn (Appendix, Art. 408.) that the 

odd values of A, in the developement of t ^ (A, excepted) 

all vanish, hence we see that the following equation must 
hold good for every value of x except unity, 

A o ” ~ 1 AV'-’ . . A“— ■<?“-* 


+ ....+ 


2 x 


- 0. 


From the same article, it also appears that the coefficient 
of /*• in the same developement is 

which compared with- ^ 1 + , gives the following very 

simple expression for the numbers of Bernouilli, 

, iy+^/(i + a)*“ 

-S (_ !)» + '. o ^ o” 


B, 




Thus we may calculate the numerical values of these 
numbers, with a degree of facility far surpassing that afforded 
by the expression demonstrated in that article, for instance 
we have 

» I, 2 - 1 - B =+ ‘-i* + ?«— 

~ 2 + S 6 ’ 3 + 2 3 4 5 30’ 

and so on. 
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(4). To develope -y) in powers of t. 

This function being equal to <**?)■ , the coefficient 
of t' will be by (Ex. 1. Sect. 7.) 

For the developement of this function into a formula 
adapted to numerical computation, the reader is referred to 
the paper “ on the Developement of Exponential Functions ” 
above cited. Or he will find the original function completely 
developed 'in a most elegant series, in Dr. Brinkley’s paper 
above noticed. Our object is to remark that since by (Ex. 7. 
Sect. 7.) we have 

1 C log(l + A ) 7 l A— o’, 

1 (* + n) l A > 1 * 

therefore, the coefficient of f + * in the proposed function, 
or, which is the same thing, that of f in 

V - ])— 


is properly represented by 
the equation 


A— "o' 

1.2 x’ 


and therefore that 


V - VT = 


A” 0 " A* o" ^ 1 r + l 

1 . . . ,r» 1 (n + 1) 


+ &c. 


proved by Dr. Brinkley to subsist for positive values of n, 
is now shewn to hold good also for negative. 


(5). To develope e‘‘ in powers of t. 

fi?) = r*', /(l + A)o* = # I + ‘V = r.rV, 

whence we deduce » 


Digitized by Google 


83 


A,= 


t „ 

x e o , 


1 .2. . . .x 


e As 1 , AV , A* o' 1 

= i. 2 .: ~r + + t~ 2 + • • TTTTiv 


. . . 2e i . 

Thus A.— e y A, = e, A,= — , g 3 > 


5 « 


, &c. 


and 


/ + 2 *.^+ 5 ,. r -^ + &c. 


(6). To develope 




and in general (a + <0* * n 


powers of t, 

/(✓) = (a + *Tl /(I +A) = (! +a + A)«, 


A,= 


] . 2 . . . .1 


x { (1 +fl) + A } “o', 


(1+fl)" < , , n Ag* . «(»-!) A * g ' + __ 

“ rT2T77Tjt + i' l+a + 1.2 ’(i+a)* 

. n (» - 1) (n— J + l) A' 0* | 

+ 1.2 x ‘(1 +flX*' 

and in the case proposed where a = 1 and n = - - , the value 
of A, is 

___i $ o’ — - A a* + iAj? A“ o' — 

1.1.2.... a t 4 4.8 


*/2 


,..± l- 3 -- -^i.^A'8% 

4 . 8 .. ..( 4 i) 


and in the same manner may any algebraic function of r* be 
developed with little trouble. 
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(7) . To extend the above mode of developing f (/) to 

exponential functions of two or more variables of the form 
/(✓, e", &c.) 

Let all but t be regarded as so many constants, entering 
into the composition of the given function, regarded as a 
function of S. Then will the coefficient of any power of t, 
as t' be, by what has been proved, 

/ i l+A, A&c. \ o’ 

1 . 2 . . . .x ’ 

Into this function t does not enter, but, being a function 
of S', See. it is itself developable in a series of power of 
t', t", & c. Let the coefficient of t'* in this developement be 
sought by a similar process. It will be 

/ i 1+A, 1 + A', S', & c. \ o' .o'* 

1 . 2. . . ,ix 1 .2. . . .y 

the powers of A produced by this second process being kept 
distinct from those resulting from the first, and applied to 
their proper power o y of o, by the accents affixed to them as 
in (Ex. 14. Sect. 7.)- This then will be the coefficient of 
f •t' , i in the developement of the proposed function, regarded 
as a function only of t and Proceeding in this manner, and 
denoting by * c . the coefficient of the combination 

t' ■ t' r . t"‘ . &c- in the final result, we have 

4 _ /l 1 + A. 1 + A', 1 + A", 8t c. \ o' . o > , o' 1 ' . &c. 

x.t.t.tK. 1 . 2 .... x x 1 . 2 .... y x 1 . 2 . . . . z x &c. 

(8) . i To develope f\ S + <"-vic. j j n powers of t, S, 

fee. 

In this case 

A ' „ / {( + &)(! + A')(l+A").8tc. j o'.o'*. 0 "Mk-c . 

x,,,»,tc. i .2.. ..xx 1 .2.. ..yx 1 .2.. ..zx&c. 

Now let /T ( 1 + A)’* ,^( 1 + AO* . &c. be any term of the 
developement of f j (1 + A)(l + A') . &c. j . Then when 


85 

this is prefixed to a* . o'* . o' . &c. in the manner denoted by 
the accents, it becomes 

K . (1 + A)* <f . ( l + a)* o> . (1 + A)' o’ . 8tc. 

= K .n‘ ,n y . »* . &c. (by 3. Sect. 7.) 

= K .n'-t-r + . + to:. _ + a)*«' + » + , + * c \ 

Hence it appears that the same series of terms will result 
from 

/ { (1 + A)(l + a').&c. 1 o’.o’r &c. 
as would have arisen from 

/(1 + A)a* + J’ + ' + &c -, 
and consequently, that 

A _ /( 1 + A)c*-+- y + , +‘‘ c - 

j . 2 . . . .x x 1 . 2. . . .y x 1 . 2 . . . . z x & c. * 

Which is also deducible from the theorem for raising a 
polynomial to any power, combined with that in (Ex. 1. 
Sect. 7.) and vice versa, the multinomial theorem is directly 
deducible from this. 


Hence too it appears, that the developement of 
f (S + '' + *'■) is directly deducible from that of /(/)■, the 
coefficient of f .f* . f* . &c. in the former being equal to 
that of /' + ' + • + tc - in the latter, multiplied into 

1 . 2. . . .(r+y + z + &c.) 

1 . . . .xx 1 y x 1 . . . . z +&c. ’ 


(9). To prove that 
1 


■=(-i Y 


2 *'- 1 


2 + A 2 x 

— i being the a"' number of Bemouilli. 


• B a t — i) 


By (Ex. 1. Sect. 8.f-— ^ o“~' fs tire coefficient of 

2 + A 
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I" — 1 in the devolopement of y-j— , » multiplied by 1 .2.3... 

(2 x— 1), that is, to the coefficient of t” in — 1 , multiplied 

by the same quantity. Again, by Appendix, Art. 408. it 
appears that this last coefficient is equal to — (2"— 1) x into 

the coefficient of the same power in » w kich coefficient 

D 

is ( _ lY + > . itrzi — . Hence we must have 

v 1". 2 2i 

— - — o v ~' = 

2 + A 

i .2.. ..(2ar— i)x ( — iy ^ 1 , 


_/_iy 2 "~ 1 b . 


(10). To sum the series 

1*- 2" + 3*- 4’ + &C. ad inf, \ 

Since by (Ex. 3. Sect. 7.) we have (1 + A )»“ = 1", 
(1 + A)* o' = 2", &c. therefore the proposed series becomes 
by substitution 

S = (1 + A ) o” — ( 1 + a)’«“+ (1 + A/ o*— &c. 

or, separating the symbols of operation from those of quan- 
tity 

S = { (1+ A) — (1 + A)* +(1 + A) 1 - &c. | o' 

. = — — <,»= f | 0 “, 

1+(1 + A) i 2+A* 

because this function developed in powers of A will neces- 
sarily produce the same series as the other. To throw this 
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into a calculable form, let it be actually developed in this 
manner, and we find 

s _ £ _ A 'o' A*o* 

Thus we have 


l - 1 + 1 - 1 + &c.= i , 

0 


1 — 2 + 3 - 4. +&c.= i , 
4 


l 2 * 4 - 2* + 3* - 4* + &c. = 0, 

I s - 2 J + 3 s - 4* + &c. = I , 

8 

l 4 — 2 4 + S 4 — 4 4 + &c. = 0 } &c. 


All the even values vanish, and it ought to be so, for the 

for f (1 + A) in (10. 


substitution of 

2 { 1+(1 + A) t 
Sect. 7.) equation (6), gives 


1 + A 


1+(1 + A ) 


0 ** 

= 2 =°’ 


in every case except when x=0, 


when it becomes - . 

2 


The 


odd values may be expressed by the numbers of Bernouilli, 
for writing 2 x — 1 for «, the general expression for the odd 
values of S becomes 


2 + A 2 x 


by (Ex. 9. Sect. 8.) : a result exactly agreeing with that 
deduced by Euler in his Institutiones Calculi differentialie. 
Cap. vii. p. 501 . from a principle, it must be confessed, not 
at all satisfactory. 


(11). The series 

1” + 2* + $“+ x"= S, 
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being proposed, if we treat it in the same way, we get 

S,= {(l + A) + (l + A )*+....(! + A)* 

_ (1 + A)'+’ -q + A) r , 

A 

which, developed in powers of a, gives 
$.= *.»» + (X 7° J A o’* + ^ + 


1.2 1 .2.3 

(x+l)x (x-«+ 1) 

1 . 2 . ...(»+!) 


A”e\ 


This is different in its form, from any expression we 
have yet given for the sum of this series. It may, however, 
be obtained by resolving (x + 1 )" into preceding, instead of 
succeeding values, and integrating, as in (Ex. 26. Sect. 2. and 
Ex. 23. Sect. 6.) 


(12).' To sum the series of (10) viz. 

l" - 2* + 3" - 8tc. 

to x terms. 

Here S,= J (1 + A) - (1 + A)*+ <1 + A? 

iO + AyJe* 

_ (1 + A) — (—!)'(! + A)** 1- 1 s . 

2+ A 

This expression, developed in powers of A affords a cal- 
culable value of -S’,, the number of whose terms can never 
exceed n + 1, and consequently the developement need nevet 
be carried farther. Thus we have, for instance, 

1-2 + 3—.. .. ±* = (— I)'--. + \, 

1’ — 2’ + S a — . . : . ± x 3 = (— !)' + ■ 
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1 J - Q» + 3* ± jt’ = 




(IS). To sum the series 

1" . t + 2* . 0 + S" . + &c. 

to x terms and to infinity. This series treated exactly in the 
same manner, becomes 

S,= j #(l + A) + <*(l + A) a +....<'(l + A)* i»“ 

_ <' + '(! + A)' A) r . 
f(l + A)-l 

Let S represent the series to infinity, then 


S = e . = $ * j 

(1-0- 'A ll-< (l-f)(l— t-t A>3 


A)' 


= -ra{‘ + i A < + (r^ + 

= T^i { ' '*" + (ih) a ”" + (tzj)' 4 v+ ■ 



Thus we have as particular instances 

t 


1 . t + 2 . t' + 3 , /’ + &c. = 


n-o 1 ’ 


l 1 .f + 2*./* + 3' , .r , + &c.= -^- T ^ + 2< * 


(!-<)’ ( 1 - 0 * 


The expression for S , may, in like manner, be easily 
developed in powers of A, and will then assume a calculable 
form, but we prefer leaving it in its present state. The 
reader may, if he please, supply this part of the operation. 

* M 
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(14). In general to sum the series 

A,.o' + A, . 1 - + A , . t n + ttc. 

haring given 

A, + A , ./ + A s .r + tic.~ F(t). 

The series treated as before gives 

S= { A t + A t ( 1 + a) + 8tc. | o' 

= F(l + a)o* 

= F(l).e" + £-112 A o“ + & c. 

when adapted to actual computation by the developement of 
F (1 + A) in powers of A . 


(15). To sum the series 

I 1.2 1.2.3 

This series being the same with 

0'+' + h+ i h' + l Sic. 

1 1.2 

by substituting for F(t) and n + 1 for n in the last problem 
we find 

_ *0 + <M 

■S = e o' + ‘ 


, + .^ A °" + ' h + A ’°” + ’ 


«** [o' + '+±Jl 


1 . 2 


-A* + 


£" + 1 o" + ' 


A" + 


■} 


».. .■(«+») 

Thus, if we suppose Ami, we find 

1 + r + ri + 8lc - =2 '' 
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2 1 3’ 

l’ + — + . + &c. = 5/, 

1 1 . 2 


2 3 3 s 

V + -- + 1- &c.= 15 e, and so on. 

11.2 


(16). !*•=- S" + a'- &c.= S. 

Then, 

s = 1 + A 3» — 1 + A 0 - 

1 + (1 + A)* 2(1 + A) + A 2 


The developement of this in powers of A would be attended 
with some trouble, but this is not indispensable. It may be 
reduced to a limited number of calculable terms in many 
different ways, the simplest of which seems to be as follows : 


S 


S » + A 
U(i + z 


(1 + A) A* (1 + A) A* 


(1 + A) 4(I + A)* 


+ 


2 . 

4 1 + A 8(1 


8(1 + A)* 
'-&c. 


— &c.| o'. 


A)* 


the number of whose terms can never exceed - + 1 and each 

2 

term of which is easily calculated. In fact, whenever n is 
an odd number $ vanishes, for, if in the equation («) of 
(10. Sect. 7.) we suppose 


/(1 + A) = 


1 + A 

1 + ( 1 + A )* ’ 


there will result 


1 + A 

1 + (1 + A)* 


o 1 ' 


= 0 . 


and when n is even (writing 2 x for it) the value of .S 
becomes 


o 1 ' 1 A 1 


2 4 1 + A 


o" + ± 


2' + ■'(!+ A)* ’ 
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i_l + i_i + &c.= -1 

o 

1 - 3 + 5 - 7 + &c-= 0, 

1 *— 3’+ 5*- 7*4- &c.= - ~ 

1’ - 3‘ + 5> - V + &c. = 0, &C. 
See also Note D. Lacroix, Trans! . p. 360. 


(17). To complete the theory of these sums we shall 
subjoin the following example, which will call for the em- 
ployment of nearly all the transformations above demon- 
strated, and will thus, by illustrating their use and manage- 
ment, prove the more acceptable as the mode of investigation 
followed in this and the last section is, if we mistake not, 
perfectly novel in analysis. 


To sum the series 

1 1 


&c. ad inf. 


jv+l 5>* + > 

and to express its sum by means of the numbers of Bernoulli. 
Let C„ + , represent the sum of the series, or 

C - _ f* - 5 + 5 - 


Then Euler has shewn that, 8 being any arc, the develope- 
ment of sec 8 will be 

O* Q4 O 6 

sec e = — . c\ + =- C , . 8 1 + — c, . 6* + &C. 

•>r „ 5 

( „ It + I I 

~J x ~ the coefficient 
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of 0“ in the developement of sec 6 . Call this coefficient A vt 
then since 


sec 8 — . 


1 


cos 0 eSV - * -|-f— 
we have by (1. Sect. 7 .) 

1 2 


A,.= 


~ x 


1.2 (2 x) (l + i)^-'+(l+A)-''-' 

but since by (8. Sect- 7 .), writing 2 x for x and — 1 for n 
f j (1 + A) ✓- 1 * } . (v/- 1 )“ ./(l + A)®*', 

we have 

. = 2 .( — !)' 1 


1.2....(2i)"(l + A)+(l+A)-‘ ’ 

which substituted in the value of C„ 4. , gives 

f or' 

Cj,+ i — 


1 + A 


1.2 (2*) (14- A) 1 + 1 

The latter factor of this expression coincides precisely 
with that obtained in the last number for the series 

1 “ _ s« + _ gee. 

and its numerical value may readily be computed by the for- 
mula there given. Hence this remarkable relation between 
the two series 

1.2.3 (2i)X j- 2 — H !- &c. | = 

v C l w+ 3 aT + ' y 

= (-l)'.(-l x { 1“- 3~4- 5*'— 8cc. j 
and as particular instances, 

i_i + i _ &c . = : 

13 5 4 

l 1 1 -n 3 . 

— — 8tc. = — , &c. 

1 J V .5* 52 
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The transformation into numbers of Bernoulli may be 
accomplished as follows. 

1 + A _ . . (1 + A) 1 

(1 + A)* + 1 (1 + A){(1 + A)’ + 1 j 

1 f , P + A)’ - n 

~ 2(1 + A) t (I + A)« + 1 5 

_ I l (M-A)-(l+A)-> 

2 (1 + A) 2‘ (1 + A)* + f 


Now, by (3. Sect. 7.) it appears that — - — o v = 1 , and we 
therefore have 

I +A I I (1 + A) - (1 4- A)— 1 

( l + A)* + I 2 + 2 (1 + A)’ + 1 


_ 1 , o*- • . (1+ A)* -(1+A)~i 
2 ' (1 + a) + 1 


(by 8. Sect. 7.) 


« i + 2— . q+ ^-d+A jrJ o „ 

2 2 + A 

Now, in the theorem (16. Sect. 7.) if we make /(a) = 

I . 1,1. ... 

— , and n = - and in succession, it gives 


2 + A 


( 0+ n*' ; 

2 + a 2 + a V 2/ 


+ A 

(l+A)-i„_ 1 


2 + A 2 + A 

so that by substitution we get 

._i±A_ e -‘ = i +2” _i ._L_ 5 ( 0+ J)"- 6- i)”} 

(1+A)’+1 2 2 + A C.V 2/ V 2/ > 

= i + 5 ii »— ■ + 2 8 « +&LC.I 

2 t 2 + al 1 1 .2.3x2’ > 
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Again, we have, by (9. Sect. 8.) 


— i- O *'- 1 = (- iy. ~ 1 B u _, 
2 + a v 


whence. 


1 . <•>*» — • 1 


2 + A 


2 .r — 2 


and consequently, by substituting these values, our expression 
is cleared of the symbols A and o, and reduces itself to 


2 + (- l )*.«"— B„_. 

2 i (2 x — 1 ) 2— j + &c J 


1.2 3.2’ 

and hence we have, finally, 

(i) 


1* -f- 1 


f •» + i — 


,1 


(— ir 


+ 


1.2 (2 x) i 2 

x— 1) 2 1 ' ~ * — 1 


+ _ 2x(2x- 1} 2- , -l 

V i — * 1.2 Tx? **- ,+ 

2 * — 1 




2x 3 


1.2 (2x - 2) (2x - 1) 


2 - 1 Bl )i 


The practicability of expressing this function by means of 
the numbers of Bernouilli was first shewn, and the above ex- 
pression demonstrated in the Phil. Trans. 1814. The demon- 
stration there given is however very circuitous and rather 
obscure. The above has the advantage of connecting what 
was before an insulated result with the general theory of 
series of this sort. 


(18). Given the sum of the series 

A. + A t .t + A,.e + &c. = F(t ) 
or the generating function of A ,, required the sum of 
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A,.l n .1 + A* (1“ + 2“) . t' + A, (1" + 2" 4- 3") < s + Dec. 
or the generating function of 

J,.(l* + 2"+. 

By substituting for P, 2", . . . .x", their value* 

( 1 + A) o", ( 1 + A) 1 e*, .... (1 + A)' o' 
we find as in (11. Sect. 8.) 

„._0 + £)• + ■_ (1 + A) 


P 4- 2* 4- x* = 


0* 

» 


So that our series becomes, 

A (.+ &)•—(!+&) , (H-ay- (i + a) ,. + Sc 

A A 


i + A 


| -4. <(1 + A) + A, f (1 4- A)’ + &c. I e* - 


1 + A 


0 " . { A t t + A, t' + 8tc. { 


A A 


1 + A 


{ F(t + t A) - F(t) 5 ** 


( 19 ). For example 

P , 1*4-2“ , 1*4-2* 4- 3" 
1.2.3 


7 + 1.2 

A 


+ &C. = 


: . (1 -4- A.) -f— '■ «*=e ^1+ ~ A 4- - a* 4- &C. I e" 


i. 1.2 


ia* 4- 


1.2.3 


.2.3 


A 0 * + 


s 


4- 


n 4-2 


1 . 2 ....(« 4 - 1 ) 


4" o" | . 
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4,20). l*.t + ( 1* + 2*) t* + (r + 2*+3")f> + &c. ad inf. 

s = l+±$ —L L.lo' 

'a il— t- to. l -t) 

■ fra? { , + r<'-n 

= (nh?{ , *" + (rh)' a,, " + 

+ (rh)'H- 

(21). It is required to prove the following expression for 
the numbers of Bernoulli, 


B 




A*o" + ' 
¥~ 


A” + 1 o'" + 1 \ 

4 (4* + i)*~~ > ’ 

Take the equation (Append. Art. 4-11.) 

2 M r =fu.dx-- £ + -A .JL «, - &c. 

2 1 . 2 a. x 

in which make u 1 = at’*, and we shall find for the coefficient 
of t in the developement of 2 

<- iy+* B 4j _, . 

But, if we integrate the expression given for x n in 
(2. Sect. 2.) we find 

2(0 = c+(-ir. i^£±p a* 

If this be developed in powers of x, and the coefficients 
of x collected together, we shall find for the whole coefficient 
of that term 

, ... + ‘ a* e" "*■ 1 „ > 
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In this if we write 2 i for n, we shall find by comparing 
it with the coefficient previously found 


C K + * A* -h 1 


which is, in fact, the equation to be proved. If 2 * — 1 be 
put for n the term x vanishes form the integral 2 (.r”), 
(See Appendix Art. 369.) which shews that we must have 


A 6 “ 


A 7 o u 
2 ’ 


-f &c. 


= 0 , 


which has been already proved by a different process (13. 
Sect. 7.) It will not be amiss now to notice one more pro- 
perty of the numbers comprised in the form a" o’* by the aid 
of which the table of their numerical values given in (S3. 
Sect. 1.) may be continued to any extent, with very little 
trouble. 


(22). The numbers 

a” o n , A-o' + 'j A- o' + *, kc. 

form a recurring series. To shew this, and to determine its 
scale of relation. 

Since (App. Art. 350.) 

a" o' = n - (n - 1)* + ± - . T, 

l v 1 

this function is of the form 

C, . a' + C,./3'+....C,.»'. 

It is, therefore, a particular integral of some equation of 
differences of the first degree with constant coefficients (App. 
Art. 389-) and is therefore (App. Art. 390.) the general term 
of some recurring series. Let now 

J," 1 , 

. A,~ 1+2 + 3 +....», 
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A,= 1 .2 + 1 .3 + 2 .3+ (m — 1 ) . it 

A n ~ 1 .2.3 H. 

Then (App. Art. 38<J.) This equation will be 

o' + n — ^,AY + *-’ + ±A n *"o'=0 

to that the scale of relation is 

' + A , , -A,, + A,,....± A.. 


SECTION IX. 

Exercises, 6$c. in the Interpolation of Series. 

(1) . In any series of consecutive equidistant values of 
a function, where one is deficient, to insert that one. 

Let the equidistant values be 

»o> «,» *>„, 

and let the deficient one be v, t so that all but v, are given. 
Assume A* v, = 0, or that the (» — 1 )“* differences are con- 
stant, which will almost always be nearly the case in tabulated 
results, except under extreme circumstances. Then we 
have 

a» » . m (it — 1) . « _ 

A" %=«,-- v n _!+ — — ± - w, v„ = O, 

1 1 ■ VS J 

an equation of the first degree, from which any one of the 
values as v, may be determined in terms of the rest. 

(2) . Given two values of any function, required to insert 
one equidistant between them. 
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Given v„ and v„ required i„ 

A*ti„= 0, v s — 2 v, + v 0 = 0, 

+ v, 

✓ 

(3). Given three values t>„, v lt v } of any function to- 
insert the deficient one v,. 

A 3 u,— 0; t>, — 3 o,-f 3 v,— v„= 0, 

v s + 3 v,~ v. 


In like manner, if v, were the deficient value, we should 


find 


■», = 


®» + 3 v, - w, 


(4) . Given the following common logarithms, 

log 510 = 2.70757018 
log 51 1 = 2.70842090 
log 513 = 2.71011737 
log 514 = 2.71096312 

it is required to insert the deficient value log 512. 

Given = log 510, u, = log 511, v 3 — log 513, and 
v 4 = log 5 1 4. Required v, = log 5 12. 

A*v 0 = v t — 4 Uj + 6 v,+ 4 ti, + v„= 0 

„ = * (*'» + ~ ^ — 2.70926996 

* 6 

preciselyias the table. 

(5) . In any series of consecutive equidistant values 
where two are deficient, to insert those two. 

As before, let them be 

v 0 , v„ v K+ , 
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and assuming a" v 0 = O and A" v, = 0, to obtain a continuous 
law of increase or diminution throughout the whole series* 
we have 


n , n In — 1 ) 

l ’”~ + T72~ t '“~’ 


n n(n — 1 ) 
*•+• ~~v n + 



two equations of the first degree which suffice to determine 
any two of the values in terms of the rest. The same prin- 
ciple will serve to insert any number of deficient terms. 


(6). Given v„, v lt v 4 , v i . Required v, and v t . 
Assume A* r„= 0 and A 4 u,= 0, then 

v,- 4 i), + 6 v\— 4 v, + v„= 0 1 
t’j— 4 1 ’,+ 6 v 4 v, + v, = 0 > 


whence 


_ — Sv,+ 1 0 v, + 5 i>, — 2 

t), jo 

-2v, + 5t),+ 10v,-3t) s 
V ’ 10 


(7). In a table of the values of f dx(\og taken 

between the limits .r = 0 and a = 1 *, we find the following 
values corresponding to the annexed values of a. 

a = 1.326, /= 0.8938710; 

1.328, 0.8936220; 

1.329, 0.8935004 ; 

1.331, 0.8932628. 


* Legendre, Exercises de Ca leu l Integral, p. 302, 
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Required the values corresponding to a = 1.327, and 
a = 1.330. 


Given v 0 , v ,, v 3 , t s , required v, and v t . 

v, = v - s -~- 10 1,3 + 30 Vt = 0.8937*55 

15 


— ^ v s 20 v 3 - 1 0 v, + v, 
~ 15 


0.8933807. 


(8). In any series of consecutive equidistant values, 
where one or more are deficient, and the rest given, to inter- 
polate any intermediate value whatever. 


Insert the deficient equidistant values, and then inter- 
polate the series so completed by the formula, 

v n = v , + j A i’„ + " ~ l ) A’ v„ 4- &c. 

For instance, 

(9). In a table of the values of the function tan ~ (.r) 
or arc (tan=x)* we have given 

tan-' 10=1.471127674, tan~‘ 11 = 1.480136439 
tan-' 13 = 1 .494024435, tan- 1 15= 1.504228163. 
Required tan - 1 (11.63). 

The values of tan - 1 12 and tan - ‘14, first of all inserted 
are respectively 1.487655094 and 1.499488856. 

Let then «= 1.63, t) 0 =tan _ 1 10, &c. and we find 
= 1.485022707 

the number required. 


(10). Given the values v 0 , v , , v 3 of a function, required 
to interpolate any given value as t>«, 


v.= v c 


v 3 - 9 v, + 8 v c 


. « + 


v, — 8 v, + Qv, 


* Given by Spence in his Logarithmic Transcendents, p. 63. 


Digitized by Google 


108 


(11). Two observations of a certain quantity were made 
at the interval of a day from each other : the first gave for 
its value a , the second — b. When was its value zero ? 

Given v e and u„ required n so that v.=0. 

1st In general v n = v 0 + j(v, - vj 

and making this zero, 

_ _ v 0 _ 

v, — v e a + b’ 

which is the time in fractions of a day, from the first obser- 
vation to the moment required. Having but two observations 
we suppose A 1 v 0 &c. zero. This is the most ordinary in- 
stance of interpolation. To render it exact, we should, if 
possible, choose such opportunities for observation, as will 
allow of our neglecting A 3 v 0) & c. that is, when the variation 
of the quantity observed is nearly uniform. .Such is that 
of the sun’s declination near the equinox, of a planet’s latitude 
near its node, &c. The rule for proportional parts in loga- 
rithmic and other tables, depends likewise on this problem. 


(12). Three observations of a certain quantity were 
taken at equal intervals. Its value were found to be v„, 
v ,, between which its value was a. When did this 
happen i 


Given v., v lt v,. Required n so that v,=a, 
make 


whence 


v.+ - Ar. 


+ 


n(n - 1) 

I .2 


A’ v 0 = a. 


n 


\ 

2A ! t) 



t'„ — 2 A v 0 ) 


+ 


+ (A 1 K 0 —2 A 1 >J* — 8(v„ — n)A’u 




\ 
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The positive sign is affixed to the radical, because the 
supposition A*v„ = 0 , or A* v„ very small ought to reduce the 
value of n to that given in the last example. If this expres- 
sion be developed in powers of A l i’„' and its square and 
superior powers neglected ,we find 


n 



(», — a) A* v 



in which we may regard the term 


- (v„ - a) . ( xj , - a ) . 


A’% 

s {A v,y ’ 


as a correction to be applied to the value of n calculated from 
the terms and v, alone on the supposition A’ r 0 = 0 , and 
thus in certain cases dispense with a troublesome calculation. 
We may observe that by a proper choice of the quantities 
represented by v 0 , v t , &c. the quantity a may always be 
made zero, so that we have 


__ V„ . V, . A 1 v 0 
2 (A r 0 f 

for the correction to be made in this case. 


( 13 ). Given three values, not equidistant, of a function, 
to interpolate any intermediate value. 


Given v a > v >t required v H . 


Suppose the indices a, ft, 7, to be equidistant values of 
some other function, thus let n = z„, ft—z„ 7 = z, and let 
n = z„ then will v a , vfi, v y , v„, be the values of the function 
v, r corresponding to the values 0, 1,2, and x of the index .x 
the independent variable. Let v,* = u„ then u 0 — v a , u,= vg f 
u t =Vy, and the formula in Art. 4 - 04 ;. gives 


11, or v a 


( n — ft) (” - 7) (n - a) (n - 7) 

(« — ft) (a — 7) “ ( ft — “) (ft - 7) ^ 


, (»-«)(«- ft) v 

(7 — a) ( y — ft) 7 
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(14) . Three observations of a quantity near its maximum 
or minimum, are made at given times (equidistant or not.) 
From the observed values, to determine when the maximum 
or minimum took place. 

When a quantity is near its maximum or minimum, its 
values cannot be interpolated from two observations, because 
such interpolation requires the supposition of uniform varia- 
tion during their interval, which cannot be made in these 

circumstances. In fact the function i> 0 + -' (v,~v 0 ) does not 

admit a maximum or a minimum by the variation of n. In 
the case of three observations, however, suppose o, 0,7, to 
be the times (from a certain epoch) at which they were made, 
and Vp v , the observed values, then, since at any other 
time n we have v H = the expression in the last problem, if we 
differentiate this relative to n, and put the result =0, we shall 
find 

JJ3 1 - -/Mr, ,- ( a 1 - y')v 0 + - (?)v y 

2 i (fi — 7)® a — (a - 7) + (a - 0)v^ } 

the value of n required, at which v H is a maximum. By this 
formula may the meridian altitude of the Sun, or a Star, for 
example, be found when an observation precisely on the 
meridian cannot be had. 

If the observations be equidistant, and the epoch be fixed 
at the first, we get 

= /3 - 4 Vp + v y 

2’Sv — 2 »- + v 

“ p- > _ 

(15) . Given any number of ^pjues of a quantity observed 
at given times, not equidistant, to determine its value and 
those of its differential coefficients at a given instant, the 
time being supposed to increase uniformly. 

Let the given instant be fixed on for an epoch, and call 
t the time elapsed since that epoch, t being indeterminate, 

* o 
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and negative for all observations preceding the epoch, also 
let a, ft, 7 , &c. be the values of t at the moments of observa- 
tion, and v a , Vg, v^, &c. those of the quantity observed, and 

we have by Append. Art. 404. for its value v at the time t. 


v 


(t - ft) (t - y). ■ ■ ■ (t - a)(t - 7)-- •• 
(a -ft) (a- 7). .. a (/S-«)(/3-7).... 


V 0 + &C. 


. d v d*v 

The values then of the differential coefficients » 

&c, when / = 0, or at the epoch, will be the coefficients of 
/, t 2 , &c. in the developement of this function, divided 

respectively by 1, 1.8, 1.2.3, &c, or calling them — . 


dt* 


&c. 


V=±\ 13 'I' v + 

l(«-/8)(o-7)... “ (/?- 


a . 7 . fr. . ■ 


a)(/3i 7 )... /3 


U + &c 


•} 


' df ' (a — ft) (a-7)(«- S ) 

! 2 x + + i a + &c.|- 

dF l («-/ 9 )(— 7 )(«- 0 ---- ) 


The sign prefixed to the right hand members of these 
equations is the upper or lower, according as the number of 
observations, or of the letters «, ft, 7 , 2 , . . . . is odd or even. 

Laplace’s method of computing the orbit of a comet, 
turns upon the application of this problem. The formulae 
here deduced are somewhat different in their form from 
those employed in the Mecanique Celeste, and perhaps, 
rather more complicated to the eye. But in actual computa- 
tion they will, I believe, be found more convenient, the terms 
of which they consist being better adapted to logarithmic 
computation, and in reality less intricate in their formation, 
and in consequence affording less room for mistakes on the 
part of the calculator. 
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SECTION X. 

Application of the Calculus of Differences to the 

determination of Curves from properties involving 

consecutive points separated by a finite interval. 

(1). In the circle, any line ACB (Part. III. Fig. 1.) 
drawn through a certain fixed point C (the center of the 
circle) and meeting the curve at its two extremities, is of a 
given length in all positions of the line. It is required to 
determine whether any other curves possess the same pro- 
perty, and if so, to include them under one general equation. 
In other words : Required the class of curves whose diame- 
ters are invariable. 

Draw any line CM, and let the angle MCA = 9, CA = r, 
CB = r', and suppose r = <p (0) to be the polar equation of 
the curve sought. Then will r =<p (9 + *) and since by the 
condition of the question r + r = constant = 2 a, we have the 
following equation for determining the form of ip, 

<p {9)~ <p(9 + w) = 2 a. 

Suppose now z = - , or 9 = ■* z, and this equation 
becomes 

0 (•"• z) + $> { w . (2 + 1 ) } =2 a. 

This is in fact, an equation of differences; for, if we 
suppose <p(w z)=u,, we get <j> { *■ . (z+ 1) } =«, + ,, and 

, = 2 a. 

Now, this equation deprived of its last term 2 a, is 
evidently satisfied by cos » s, because 

cos » z + cos v (z + 1 ) = 0 


« 


■1 
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Hence the complete integral is 

m, = a + C . cos t z, 

C being an arbitrary constant, or rather according to the 
remark in Appendix, Art. 368. an arbitrary function of 
cos 2 v z, or in general, any quantity which does not change 
by the substitution of z 4- 1 for z. 

Hence, restoring the original denominations 
r = a + cos 0 ./ (cos 2 0), 

where under f (cos 2 0) are comprehended all functions of 0, 
whether algebraic or transcendental, which do not change 
when 6 + it is substituted for 0. Thus if /(cos 2 6) = 0, 
r=a the equation of the circle. If f (cos 2 0)=b, we have 

r — a + b . cos 0, 

' which represents a curve similar to that in the figure, whose 
algebraic equation is 

(jc'—bx + y l y = a 2 (r* + y*). 

(2). Instead of supposing the sum of the parts AC, CB, 
(Part III- Fig- 1.) constant, let their rectangle be invariable. 
Required the class of curves possessed of this property. 

Retaining the same denominations, we have now 
rr = a 2 , or <p (0) . <p (* + 0) = a’ 

which treated in the same manner, by supposing' 0 = irz and 
<P (9) = u, gives 

, = o’ 

which is evidently satisfied by 

, ,co« » * 

u,= a. C , 

because cos *■ (z + 1 ) = — cos *■ z. This then, containing an 
arbitrary constant C is the complete integral, and as before 
replacing C by an arbitrary function of cos 2 » z, and restor- 
ing the value of z. • 

r = <f> (0) sb a .f( cos 2 0) cm *. 


* 
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Thus the oval whose equation is r = a e co,e satisfies the 
condition, but it is also satisfied by an infinite variety of alge- 
braic curves, as we shall now shew. 

We have already remarked that /(cos 2 0) may be any 
function which does not change by writing ir + 0 for 0. Let 
F (cos 2 6) be any other such function, and it is evident that 
the expression 

F (cos 2 0')+ cos 0 
F (cos 2 0) — cos 0 * 

by that substitution has its numerator and denominator in- 
verted, because cos (*- + 0)= — cos 0, hence if this expression 

be raised to any power such as cos 8, or - , &c. whose 

1 r cos 0 

sign only is changed by the substitution, the function so pro- 
duced will remain unaltered. We are at liberty then to sup- 
pose (/ cos 2 8) of the form 


f F (cos 2 0) + cos 8 1 co * 9 
1 F (cos 2 0) — cos 0 3 

\ 

which value being written for / cos 2 0 in the expression of r 
above found gives 

_ c F (cos 2 0) + cos 0 ■> * 
t F (cos 2 0) — cos 0 3 

which always gives algebraic curves by assigning an algebraic 
form to the function F. Thus, if we suppose F (cos 2 0)= 1 

and n = — — , we get for the equation of the curve 
2 

r — a . (tan £ 8) m . 


If we suppose 

F (cos 2 0) = 

which evidently remains unaltered by the substitution of 
* + 0 for 0, we get 
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r = 1 /* • cos 0 + s/^-P • sin «*) } 

■which is the equation of a circle, the pole round which the 
angle 0 is reckoned being any point however situated. In 
fact this property is proved to belong to the circle in the 
S5th and 36th propositions of the third book of Euclid. 

(3). The conchoid is produced by the revolution of a 
straight line round a fixed pole, one of its points being sub- 
jected to move in a straight line, while the other describes 
the curve. To find a curve, or class of curves, susceptible 
of being described like the conchoid, with this difference, 
however, that instead of the directrix being a straight line, 
it shall be another branch of the curve itself to be found. 

The straight line CM (Part III. Fig- 2.) is to revolve 
about C, so that M M' cut off between the intersections 
M and M\ with the two branches A M and B M‘, shall 
be constant and = a. Draw M P, M' P' perpendicular to 
CP'. Let CM=r, CM' — r, C P =x, PM=y, CP = x', 
* CM' = y. 

Therefore r' — r — a, or r' = a + r. 

Assume y = <t> ^/(x* + y*) ■= <p (r) for the equation of the 
curve. Then, since the same equation is common to both 
branches, we must have also if = <p (r'). 

Now, by similar triangles C P M, C P'M we have- 


Therefore 

<P (>0 _ <P(r) or <t> (a + r) _ <p (r) 
r r ’ a + r r 

an equation from which the form of <p is to be determined. 
Let t =<i 2 , then a + r = u (z + 1) and if we suppose 

= u, we have 
a z 


+ 1 “ 


/ 
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whence, u, — f cos 2 v z, and therefore 
l =/(cos 2 -.r). 

Thus if we suppose f ( cos 2*r-)=*sin2w^, and~ob* 

serve that^ = sin M C P = sin 0, we have 
r 

q 

sin 8 = sin 2 *■ _ , or r=a . — , 

the equation to the spiral of Archimedes, in which the next 
inferior convolution of the curve, supplies the place of another 
branch. In fact, the preceding analysis does not take in the 
condition that M and M' should lie in different branches, but 
the following solution will apply to the strict letter of the 
enunciation. 

Let CM be regarded as a negative value of r, answering 
to one half revolution more of the line CM in which case 
the geometrical equation r — r = 2 a will be represented in 
analytical language by <p (6) + <p (*■ + 6) = 2 a, and thus the 
equation of the problem (1) resolves this case, provided we 
select only such curves as have the property described. 

Thus in the result 

r = a + cos 6 ./ (cos 2 0), 

when 0 < *•, r must be positive, and when greater, negative, 
or at least, if in any part of the variation of 0 between o and 
v, r becomes negative, it must be negative in a higher degree 
in the corresponding part of its variation between *• and 2 
Such a curve is 

r = a( 1 + , or (** + y*) (y - «)’ = a" y * 

V sin 0/ 

and an indefinite variety of algebraic curves, among which 
are some which satisfy the geometrical property r +r =2 a, 
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with one pair of branches, gt the same time that r'— r = 2 a 
is satisfied by another pair. 

(4). Required the nature of the curve A MM' (Part III. 
Fig- 3.) when the line AM M' revolving round A has the 
sum of the m" 1 powers of the segments A M, AM' constant, 
or yet more generally, when one segment A M' = r' is any 
assigned function a (r) of the other AM = r. . 

As before, suppose y>=tp (/•), then we must have y=<p(r). 
Now since r' = a(r) and by similar triangles—, = ^, we have 

<pa(r) _ </>(r) 

«(r) r ’ 

an equation for determining the form of the function <p. 
Now it is evident that if any function f(r) can be found 
which does not change when a (r) is written for r, the 
equation 

^ =/(r), or <p{r) = r.f(r) 
r 

satisfies the above, now Laplace’s method explained in 
Appendix Art. 308.) affords a general solution of the equation 

/{“(»•)} =/( r )> 

and thus the complete solution of the problem may be had. 
In the particular case proposed, however, the function a ( r ) 
is one of a very singular class of functions, which render 
the application of Laplace’s method extremely delicate, and 
moreover unnecessary. It will be observed that since 
r m + r’ m = a", therefore 

r 1 = a (r) = Z/(a m - r *). 

Hence we have a (r) = a « (r) = a 7 (r) — Z/a m — (a“ - r"*) = 
=3 r. The function in question is therefore one of those 
which may properly be called periodic Junctions, under which 
may be comprehended all which satisfy such equations as 
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a- O) — r, a 1 (r) = r, See. and which are possessed of a 
variety of the most elegant and useful properties, which this 
is not the place to enumerate. However, it is here to our 
purpose) to remark, that any symmetrical function of r and 
a (r) has the property we wish, viz. that it does not change 
by the substitution of a (r) for r, because r becoming a (r), 
and a (r), a* (r) or r, these quantities only change places by 
this substitution, which, as they are similarly involved, does 
not alter the value of the function. Let us for instance 
suppose (in the proposed case) 


/W = 



(r) = r 


P ’ 


and we find 

b'y = r*. V(«“ -r"). 

Similarly, the equations 
* 

b - G)" =r + 


and by — a" + l — r*"* + ‘, &c. 

may be shewn to satisfy the condition of the problem. 

The cases where r+r' = a, r" + r m — a", r* . / s=o*, were 
proposed long ago in the Leipsic Acts by John Bernoulli, 
at the same time with the celebrated problem of the Brachy- 
stochrone, as a defiance to the mathematical world ; but it 
does not appear that their real object, or the point where 
their difficulty rested was perceived, either by their proposer, 
or by any one of the numerous and eminent geometers who 
gave solutions of them. The attention of mathematicians 
being, however, immediately occupied by the extraordinary 
controversy of the Bernoullis, and the discoveries of James 
relative to Isoperimetrical problems, to which that of the 
Brachystochrone gave rise, the present questions were allow- 
ed to sink into a degree of oblivion, from which, it will not 
be amiss if we attempt to rescue them. They were proposed, 
as J. Bernoulli expressly states, with a view of calling the 

* p 
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attention of geometers, to a case where the Cartesian method* 
of reducing the conditions of a geometrical problem to an 
equation entirely failed, while at the same time the differen- 
tial calculus afforded no assistance ; thus presenting a 
difficulty which seemed quite unexpected, and of a different 
kind from any which had yet been felt. This difficulty is in 
fact the solution of a functional equation, or the determination 
of an unknown function from an equation, such as those 
of (Prob 4.) where it enters under more forms than one, but 
Leibnitz, L’Hopital, Newton, and Jas. Bernoulli, all of whom 
resolved the problems *, were contented with the first par- 
ticular forms of the unknown function which presented 
themselves, without attempting to discover any direct process 
by which the functional equation might be resolved, and 
which in cases of a little greater complexity, constitutes the 
only analytical difficulty to be surmounted. It is rather sur- 
prising that this was not observed by Jas. Bernoulli, who 
distinctly reduces the problem where r . r = a’ to the deter- 
mination of the form of an equation, which shall remain 
unaltered by certain changes made among the variables it 
contains. His solution of the problem which requires that 
t* . r shall be invariable, is erroneous, and for a very obvious 
reason, the neglect of the constant in the integral 

y B dx 

— , and indeed he himself calls his solution dubia& 

X . log X 

et suspect* veritatis.” 

The subject was resumed by Clairaut in 1734, in a 
memoir communicated to the Academy of Paris, in which he 
resolves several problems by a method professedly grounded 
6n, and equivalent to that employed by Newton in the solu- 


* Newton’s solution, though extremely elegaut, turns on a 
peculiarity in the case proposed. It is an application of one of 
his own discoveries respecting the sums of the powers of roots of 
an equation, and a very happy one, but the question seems not to 
have struck him in the light we are now considering it. 
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tion of Bernoulli’s problem above-mentioned, developed, 
however, with great ingenuity, and applied in particular to 
one problem of no ordinary difficulty, " To determine the 
nature of a curve, such that the intersection of any two of 
its tangents which include a given angle, shall always be 
found in a given curve-” It was in the solution of this 
problem, that Clairaut first discovered the class of differential 
equations treated of in (Art. 270. of the text) whose general 
form is 



and which has procured him with some, the unmerited praise 
of having first discovered the particular solutions of differen- 
tial equations ; our countryman Brook Taylor in 1715 having 
deduced the same conclusion in the same manner, and made 
the same observation on it *, in integrating the equation 



which is evidently a particular case of Clairaut’s general 
form. Since that period many geometers have occupied 
themselves with the solution of problems of the kind in 
question, remarkable examples of which may be found in the 
writings of Euler, Voss, and Biot. 

(5). To determine a class of curves possessed of the 
following property : viz. that supposing a system of lines, 
n in number, originating in a fixed point, and terminating 
in the curve, to revolve about this point, making always 
equal angles with each other, their sum shall be invariable. 


* He differentiated, and obtained an equation composed of two 
factors, one of which leads to a final result free from differentials, 
but containing no arbitrary constant, which is says he Singular!, 
qusedam solutio problemalis.” See a clear and impartial statement 
of the whole in Lagrange’, Lefon, sur le Calcul des fonrt.ons, 

^ect^xvii. 


t 
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The angle made by one of them (r) with some fixed line 
being 0, those made by the others will be respectively 

e + lZ,e + + 

n n n 

Consequently, if r = <p (0) we must have 

<t>(0) +<t>(o + + . . . -<p (e + = " a > 

Q TT Z i 

n a being some given quantity. Suppose 0 = > then 

• 0 + = 2 ,r -(z+l) ( and so on . if t h en we make 

n n 

<(> ^ T ^ =u„ we have 

w, + », + , + - na - 

The several particular integrals of this equation deprived 

of its constant term are 

2 7T z 4*2 2 (n — 1 ) * z 

cos , cos , . . . . cos 

n n n 

for the sum of the series 

cos A +cos (J + B)+ cos 

being 

sin B) 


sin -hi 

1 2 * «»(->) 


vanishes whenever is a multiple of *. Now, if either 

of the above cosines be put for u, in the expression 
w« + M » -+- 1 + • • • • **« + » — i » 

a series of this form will arise. These functions then severally 
satisfy the equation 

u s + W. + , + . =0- 
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Of course the complete value of u, in the proposed, or of 
ip (0) is 


• n 2 v 2 , ,, 4 » z , 

u , = a + C , . cos h Cj . cos + 

m »■ 


C»_, . cos 


(2 n — 2) 7r 2 


bnt«= , also C„ C 3 , &c. may be arbitrary functions of 
cos 2 vz , that is, of cos n 0. 

Let them be represented by 


/, (cos n 0), / a (cos n 6), &c. 

then 

<(> (0) = r = a + cos 0 (cos n 0) + cos 2 0 (cos n 0) + 
+COS (fl— 1)0 (CO8M0). 

It is easy then to assign an unlimited variety of algebraic 
curves which answer the condition. The simplest is that 
whose equation is 

r = a + b . cos 0, 

which we have already noticed in the case of rt = 2, and it 
is a very remarkable property of this curve that it answers for 
every value of n. In other words : “ In the curve whose 
“ equation is 

(a s - bx + y 1 )' = o’ (2 a + t/ 1 ) 


“ if a system of any number of radii terminating in the curve, 
“ and making equal angles with each other, be made to revolve 
“ round the origin of the co-ordinates, their sum will be 
“ invariable throughout the whole extent of the curve.” 

(6). In the parabola, any straight line being drawn 
through the focus meeting the curve both ways, the tangents 
at its two extremities include a right angle. To what class 
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of curves does this property, viz. that two tangents so drawn 
shall include a given angle, belong. 


Let P and P' (Part III. Fig. 4.) be the two points in the 
curve, P T Q, F QT, the tangents ; M P, M F, ordinates. 
SM=x, SM=x', SP = r, MSP = 0, MP=y, M‘F=y.' 

Then, since Z.PQF = QTT + QTT=PTS + P'TS, 


and that tan PTS = Li, and tan P' T' S = — LL, because 
ax d x 

it lies on the contrary side of the axis of the abscissse, there- 
fore if we suppose P QP' = A, we have 
dv di/ 
dx dF 


tan A = 


I + Ll 

d x 3 ? 


(a). 


Now, the points P, P', lying both in the curve, LL must 

d x 

be the same function of 0 + » that ~ is of 0, because the 

dx 

same equations belong to both, hence if we suppose 

Li = (j> (0), we have Ll = <p (■*• + 0) 
dx dx 


and supposing, z 


0 

IT 


and «,= <p (6) the equation (a) becomes 


tan A = 


1 + 


or 

“»+ i w t — cotan A . (u, + , -r u,) + 1 =0. 

This equation we have already integrated (Sect. 4. 20.) 
and by applying the formula there obtained, we get 
u, — tan (A z + tan — 1 C) 

that is, C being replaced as before by an arbitrary function 
of COS 2 IT z, 

<p (0) = tan ^ — 8 + tan - '/(cos 2 6)| ; (i). 
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Now we have y=r* sin 8, and i = r . cos 8, which give* 
dy d r . cos 8 + rdd. cos 8 

dx dr . cos 0 — rdd . sin 8 

which put equal to <p (0) gives a differential equation between 
r and 8, viz. 

d_r _ cos 8 + <p (8) . sin 8 , 
r <p(8) . cos 8 — sin 8 
Now the equation (b) gives 

tan — 0 + f (cos 2 8) 

4 ,( 8 )= . 

1 — tan — 8 ,f (cos 2 8) 

7T 


This value of 4, (8) substituted in the differential equation 
gives after all reductions 

l°g - = / . cot < tan — ‘/(cos 2 8) — ‘* J~ ^ g J 

n t x i 

which is the polar equation of the curve sought. Suppose, 
to take a particular case, / (cos 2 8) =0, and we have 

log ~ a =/ d 8 . cot x 0^ 



and consequently 



which always gives algebraic curves when the angle A in- 
cluded between the tangents is commensurate to the whole 


circumference. Thus if A = - , we have ji ~' K 

2 x 

and 


1 

2 * 



t 

i 


Digitized by Google 



m 

the equation of a parabola, the origin of the co-ordinates 
being in the focus. 

If A = *•, or the tangents at opposite extremities of the 
line are parallel, the general equation gives 

log - =fd0.f ( cos 2 6), 

because the form of the function / being arbitrary we may 
replace cot tan - ‘/(cos 2 6) by /(cos 2 0) without infringing 
on the generality of the equation. The equation in this form 
includes, 1st the logarithmic spiral, by making/ (cos 2 0)=i, 
and 2dly all curves consisting of four similar parts arranged 
in the manner of quadrants round a center. The reader 
will find other solutions of this problem by Messrs. Wallace 
and Ivory in Leybourne’s Repository, (New Series Quest.. 
172.) which are well worthy his attention. 

Euler, and more lately Ivory, in another solution of this 
problem (Thomson’s Annals of Philosophy, Oct. 1816.) have 
shewn that it admits no solution unless in the cases when the 
tangents are parallel or include a right angle, but this limita- 
tion arises from the assumed condition that the straight line 
PS P' shall not cut the curve in more than two points. If 
we admit, however, that the points P, P’, may lie in different 
branches of the same curve, our solution above will apply. 
Mr. Ivory’s final equation is (in the general case) a functional 
equation of the form F (<p x, <f> a x) = 0, in which o’ x = x, 
and where the function F is not symmetrical. This he pro- 
perly remarks is an impossible equation. If, however, we 
admit that different values of the function <p arising from 
radicals, & c. involved in it, may be used in <j>x and in <pax, 
the impossibility vanishes and the equation may be satisfied. 
This remark on the nature of such equations abstractly con- 
sidered, is due to Mr. Babbage. The problem just, solved 
affords an illustration of its geometrical signification. 
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(7). In the parabola, the two tangents PQ, P' Q, (See 
Part III. Fig. 4.) always intersect in the directrix. To gene- 
ralize this property, or to find a class of curves such that 
tangents drawn at opposite extremities of any line P S F' 
passing through a given point S shall always meet in a 
straight line given in position. 

Let A Q be the straight line, and let S A perpendicular to 
it be taken as the axis of the r, then retaining the construc- 
tion and denominations of the last problem we have, sup- 
posing S A = X and A 41 = T. 

ST=x-y.pi AT=X-x +y.~, 

dy dy 

Consequently A Q — — ~ .AT, or 

r = ~p.(X-x)-y, (a). 

„ a x 


Similarly we should obtain 


r —% <*-*>-* 


and equating these we find 


X - 


dxf _dy 
<37 d x 


Now the condition of the problem requires that this shall 
be constant. Denoting it then by 2 a, we get 


2 a 



(y - y)> 


or, 


(2a-y).g! + y = (2« 



+ y- 


C 
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Suppose now 

(Va-x).^L + y -u % , 

z being some quantity, which changes to z + 1 when x, y, 
change to x', xf, then we shall have 

«,+ , = m<> or A «, = O 


and of course 


a, = constant. 


But since the points P, P' are so related that (by similar 
triangles) 


Therefore the function ~ does not change by the change of 
x 

x , y, to x', xf, or of z to z + 1, hence the constant in the above 
equation may be a function of ^ and denoting this by 

/(!) , we have 


This equation is integrable at once, by putting y - = u which 
gives 

dx du _ 0 , 

x (2 a — x) 2 a u — f (a) 


whence 



+ 2 




(e)' 
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Suppose, for instance,/ (u) = — — ; then we hare 


l0g r + { l0g ( “ a + = lo S 


or, replacing the value of u and reducing 
** + y 1 = c’ (2 a - x) 1 , 


which is the general equation of a conic section about the 
focus, and it is easily seen that the straight line in which the 
tangents meet, is no other than what is called the directrix 
in some treatises on conic sections. The conic section itself 
will be an ellipse, parabola or hyperbola, according as the 
angle between the tangent6 is acute, right, or obtuse. 


The conic sections also satisfy the conditions of the 
problem in another way, which, taken in conjunction with 
what has just been proved, may be considered as affording 
a very elegant property of these curves. 

2 a 

If we assume /(«)=+--, we find 


l0g 2 a- x + 5 l0g ( “’ ~ V) = l0go 
which reduced, as before, gives 

y 1 — x* = «* (2 a - x)K 

This is likewise the general equation of the conic sections, 
but whereas in the former case the origin of the co-ordinates 
was in the focus, and the straight line in which the tangents 
meet, the directrix ; in this it is just the reverse. The origin 
of the co-ordinates being now in the intersection of the axis 
with the directrix, and the tangents meeting always in a line 
drawn through the focus at right angles to the axis (that is, 
in the latus rectum indefinitely produced.) The reader may 
consult the Mathematical Repository, iii. p. 39- Quest. 267- 
for another solution of this question by Mr. Lowry. 
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The final equation ( c ) of this problem presents a peculi- 
arity which ought to be remarked. It is evident that by 
properly assuming the form of the function f («), the integral 
in the first member may be made to have any form we 
please, and therefore the equation may express any con- 
ceivable relation between x and u, or x and y. Yet it is 
equally obvious, that it is not every possible curve which 
satisfies the conditions of the problem, but only those of a 
certain class. The function f(u) then cannot be absolutely 
arbitrary, but must be subject to certain limitations. Never- 
theless, if we recur to the equation ( b ) in which the function 
f was first introduced, we see no obvious reason for admitting 
any limitation of its generality ; for the first member is 
merely the analytical expression for the distance ACL (which 
is easily proved) and as the second remains unaltered so long 
as the ratio of x to y remains the same, or the point P' lies 
in the same straight line with P and S, this equation appears 
to be nothing more than a mere translation of the condition 
of the question into algebraic language. The elucidation of 
this delicate point depends upon the theory of eliminations. 


Whatever may be the nature of a curve, if we put - ss u, 

we may eliminate either y or x between this equation and 
that of the curve, and thus both x and y are expressible in 

functions of u. For the same reason is so expressible, 

and therefore the first member of (b) is in all cases reducible, 


by the theory of elimination to a function of u or ^ . But 

x 

it does not thence follow that every curve possesses the pro- 
perty in question, for this function may have several values, 
and in all the excepted cases actually has so. It appears 
therefore that we are not at liberty, in assuming f («), to 
substitute any form susceptible of more than one value, but 
provided this limitation be attended to, it is in all other 
respects arbitrary. If we put therefore for /, only rational 
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functions, we are always sure to arrive at satisfactory 
solutions, but in all other cases it is indispensably necessary 
to try the solution obtained before it can be relied on. Con- 
siderations of this, or a similar kind, apply to most problems 
of the nature now under examination, and will obviate any 
objections arising from the necessity of limiting functions 
which seem at their first introduction perfectly arbitrary. 


(8). Required the class of curves which possess the 
following property, that any ordinate PM (Part III. fig. 5.) 
being erected, and normal M P, drawn, and at the foot of 
this normal, another ordinate P,M, erected, and another 
normal M,P , drawn, and so on, then the subnormals 
P P„ P, P„ P, P,, &c. shall all be equal to each other 
in the same series, however they may differ in different 
series, arising from a different position of the first ordinate. 


Let the abscissae A P &c. &c. be represented by x 0 , x, , 
X„ &c. the general term x, being some certain unknown 
function of the rank it holds in the series or of z, and let the 
ordinates be j/ 0 , y„ y„ &c. Then the subnormal 


PP,=y jP.jP, =y, i and soon 


hence. 


rf v. . d y, 

x ‘ = I ° + y °'d7 0 i 


and, in general, whatever be z. 


d y , 

+ . = x, + y , . , 

ax. 


AX, 



Now, by the condition of the problem, the series of sub- 
normals 


dy„ 


V, p . &<• 

rf. r, 


Digitized by Google 


126 

are all equal, therefore this equation is to be integrated on 
d v 

the hypothesis of y, . being invariable by the change of z 

to z + 1 . It may therefore be supposed an arbitrary function 
of cos 2 it z or (which comes to the same thing) of tan tr z, 
which let us call Z, then, 

A x, = Z, and A Z = 0, 
whence integrating 

x, = Zz + Z 

Z' being another quantity of the same kind, or another arbi- 
trary function of tan n z. But we have 


y> 


iv, _ 


z, 


and from these equations, we have only to eliminate z and 
we get a differential equation between x , and y, (or as we 
will now call them, x and y) expressing the nature of the 
curve. Now this is easy : for since both Z and Z' are 
arbitrary functions of tan »z, we may suppose one an arbi- 
trary function of the other. 

Let then 

Z' =/(Z), 

and our equations become 

x — Zz +/(Z), 

Jjl = Z. 


d x 


The first gives 


x — /(Z) 


or for Z substituting its value given by the second 

<£?)}• 

Now Z is an arbitrary function of Un»z; let then 
Z = T 7 (tan t z ) 
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In this equation for Z write its value y ^ , and for z it* 
value just determined, and we get 


»K=' 


r'y^rh 


the differential equation of the curve required, which we 
see involves two arbitrary functions- In the particular case 
where F denotes an absolute constant c, we have 

y dy — c d x, y* = 2 cx + t? 
the equation of a parabola. 


(9). At any point of a certain curve, let a normal be drawn 
and an ordinate erected, let a second ordinate be taken equal 
to the first subnormal, and let a second normal be drawn. 
Required the nature of the curve, that the second subnormal 
so determined shall be equal to the first ordinate, in other 
words, that in any part of the curve constructing a triangle 
whose hypothenuse is the normal, and sides the ordinate and 
subnormal, if this be turned into a subcontrary position and 
adjusted to fit the curve, its hypothenuse shall still be a 
normal. 


The subnormal being y*— , we have the second ordinate 
ax 

y‘ equal to y . Suppose now we take 

4 * =*(*). 


Then will the second subnormal, or 



♦«*-♦<*£) 
<P I <Mj/) J = <*>’(?/)• 
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But by the condition of the question this is equal to the 
first ordinate y, hence 

<p*(y) = y, 

a functional equation from which the nature of the function 
<p is to be determined. 

Take 

y = u„ and <p(y) = u, + 1 

then we have 

W« + . = <t> u, 

but the proposed equation gives 

<P*(y ) = (</>«.+. =)y = «.• 

Hence we have by subtraction 

<p u, + , - (f> u, = - (« l+ v.) 

or, 

A <t>U, = — AM, 

whence, 

<pv, + u, = constant. 

But the two equations 

u,=<pu, + lt and <t>ti s =u, + l 
give by cr&ss multiplication 

This function, therefore, does not change by the change 
of z to 2 + 1, and the constant may therefore be an arbitrary 
function of it, so that 

«. + <t>u. =f(u,.<pu,), 
or 

y + <p (y) =/ {y-<P Cy) i 

from which <p (y) may be found by the ordinary analysis, any 
form we please being assigned to f 
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Now, integrating the equation, 

*&-♦<»> 

a x 

find 


« 



the equation of the curve. Thus if we suppose f(y . <f> y) = 
a + iy ,<p(y) we have 

y + <p(y) = a + i>y ■<P(y) 


<p (y) = 


?/ *“ 11 


x= fhy'-ldy. 

./ y - a 

tf a=b= 1, we have x =/y dy — ^ , the equation of a 

common parabola, which therefore satisfies the problem, as 
does also the cubic parabola. 


(10). Required the nature of the curve, such that an 
ordinate being drawn to any point, and also a radius of cur- 
vature, a second point may always be found so related to the 
first, that the ordinate at the second point shall be equal to the 
radius of curvature at the first, and the radius of curvature 
at the second equal to the ordinate at tire first. 


This problem, by supposing 


(dx* + d !/’) ' 
— dxd 1 y 


= <p(y) 


leads to precisely the same equation 


<f>*(y) = y 

from which determining <p (y), the differential equation above 
given suffices to determine the curve. 

*K 
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If we suppose <j> (y) = — which evidently satisfies the 

y 

condition, we have 



d h.— 

dx*' y ’ 


• d u 

or, putting = p> 

a x 


, a* p dp 
y ay = — £ — i— 

(i 


y 1 ~ = — 

whence, restoring the value of 


2 a' 

v/(i +p*y 

p 


fix = 


*) 

s/i 


.dy 


the equation of an elastic curve. And in the very same’ 
manner might the problem be resolved, if instead of the 
ordinate and radius of curvature, we had taken any other 

pair of lines expressible in terms of y, — , 4-^ , &c. the 

dx ax' 

equations to be resolved being, first, the functional equation 
of the second order p (y) = y, and secondly, a differential 
equation in which the function so determined is involved. 
It would be easy to multiply examples of this kind, but 
what we have already given will suffice to indicate the 
method to be pursued in more difficult enquiries of 
the same nature. They all lead to functional equations of 
greater or less complexity the solution of which is some- 
times easily accomplished by reducing them to equations of 
differences, though more frequently by considerations pecu- 
liar to themselves. This problem and similiar ones may be 
resolved also by a consideration of the following kind. It is 
evident that since the radius of curvature at the second point 
is equal to the ordinate at the first, and the radius of cur- 
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mature at the first to the ordinate at the second, these two 
functions (the radius of curvature and the ordinate regarded 
as functions of x the abscissa) must be such, that when the 
ordinate changes to the radius of curvature, the radius of 
curvature shall change to the ordinate, and therefore any 
symmetrical function of them will remain unchanged. Let 
f be the characteristic of such a function, then if Ii be the 
radius of curvature, it is evident that 

f(y, R) = constant 

will satisfy the condition, because this change being made 
the equation becomes 

/ (R, y) = constant, 


which by the peculiar form of / is identical with the former. 
■For R now write its value and we get 



(d x 1 + d y 1 ) a \ 
— did* y s 


a 


for the equation of the curve. Thus if we assume 

r, o const. 

y . R = constant, R == 

which is the case just resolved. 


(11). To determine a curve, such that a moveable point 
setting off from a given place shall return to the same place 
after being twice reflected against the curve (the angle of 
incidence being supposed equal to that of reflection) in what- 
ever direction it first sets off. 

Let PAF (Part III. Fig. 6.) be the curve required, S 
the given point then if S P P ' S be the course of the moving 
point and tangents, &c. be drawn, we have, supposing 
SM=x, MP = y, 

tan SJ>M=- 

y 

*• d x 

tan MPT—--, y decreasing as x increases, 

d'J 
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whence we get 


tan SPT = tan (MPT - SPM) 

Jf _ d V 


x dx 


1 + 


y_ 'li 

x ' dx 


tan VPH, 


or, putting ^ = p, 
a x 

tan VPH = y-TP x 
x + py 

by the condition of the first reflexion. But we also have, 

tan VP M =— ~ , 
a y 

and therefore 

tan HPM ~ tan ( VPH — VP M) 

_ x (1 — p*) + 2py 
~ 2/(1 — P*) — 2 pi" 

But, if we draw P’N perpendicular to PM produced, 

we have tan H P M = tan P P N = = 

PM + PM' 

— — — , , y being made negative because it lies on the other 

y-y 

side of the axis. Hence we must have 


y = (i J — x) . 


V (I — /»*) - 2pa ~. 
J(1 - p*) + 2 py' 


(a). 


If we regard y, y, and x, x, as the successive values of 
two functions y and x, of a certain independent variable z, 
which changes to z + 1 when the point P changes to P', and 
if we suppose the fraction in the second member of this 
equation equal to P the equation becomes 

Ay=PA ar; (t). 
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This equation alone is n6t sufficient, as it contains two 
unknown functions x and y. To obtain another we must 
consider that by what was before proved 

P = cotan H P M, 

and therefore P' (the value of P corresponding to z + 1) 
will be cotan H P' M’. But the condition of the question 
requires P, H, and P' to lie in one straight line, conse- 
quently HP M = HP' M and 

P' = P, F - P = A P = 0, 
which integrated gives 

P = const = funct (tan * z) = Z ; (r). 

Substituting this in ( b ) it is integrable at once and gives 

y = Z • x + 2 , 

Z' being another invariable function of z. Now our object 
being only to obtain a final equation between x and y, we 
have only to eliminate the auxiliary variable z, with which 
we have no farther concern, between the equations 

y = x . Z + Z' 

z= yQ -p*> - <i P x 

jr(l — p') + 2 py 

in which we shall succeed by the same artifice as in Prob. 8. 
of this section : for Z and Z' being both arbitrary functions 
of tan it z, we may suppose one an arbitrary function of the 
other, or Z' =/ (Z) when we have 

y-x.Z +f{Z) 

in which substituting for Z its value 

v = x 3K 1 - / **)- 2 p * + t ( y( l -p 1 ) ~ 2 P A 

3 'x (1 -/>’)+ 2/Ji/' Vr (1 — f) + <ip y/ 
which is the differential equation of the curve. 
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If the arbitrary function be assumed equal to zero, the 
equation is that of a circle ; and if constant, that of a conic 
section about the focus. In the former case no integration 
is required. 

If we consider attentively the above solution, we shall see 
that it contains the general principle on which that of all 
such problems depends. Let us therefore take up the ques- 
tion generally. 

(12). To determine the nature of a curve from any 
property whatever connecting two of its points separated by 
a finite interval. (See the figure of the last problem.) 

Whatever be the nature of the property, if must enable 
us when one of the points P is assumed, and the figure of 
the curve known, to determine the other, P', or the direc- 
tion of the line PP 1 , hence the condition of the problem 
always enables us to express the cotangent of the angle MPH 
by some function more or less complicated of the co- 
ordinates at the points P, F, and their differential coefficients 
such as 

F &c ) 

which we will call P. 

«• 

Hence by a reasoning precisely similar to that of the last 
problem we get 

y‘ — V - P • C*' ~ *) 8 or Ay = P .Ax. 

But since the property is common to the two points and 
connects them with each other, the same co-tangent deter- 
mined by setting out from the point P' will be represented 
by F and may be had from P by changing ,r, y, to r 7 , y\ 
and vice versa. But cotan M' P' H = cotan M P H, so that 

P' = P, or A P = 0. 
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Consequently P must be regarded as invariable, and we have 
as before 

y = Px.+f(P) (a). 

The problem now divides itself into two cases, 1 st when 
the function P involves only the co-ordinates of the point 
P and their differentials ; and 2dly, when those of both the 
points concerned are combined in it. In the former case 
the equation (a) containing only r, y, and their differentials, 
is itself the final differential equation of the curve sought. 
In the latter, however, another process is requisite. The 
equations 

y - y = P _ x), 
y = Px+ f(P), 

P' = P, 

must be combined to eliminate both x' and y' and the result- 
ing equation will express the nature of the curve. 


(13). For instance, suppose the relation of the two points 
P and P' such that a line drawn perpendicular to the curve 
at either of them, shall pass through the other. 


Here PH is a normal to the curve, and therefore, 
P = tan P H M — — ^ 53 — - * ^putting p 

Therefore the differential equation to the curve is 

V = — + funct("— V 
P V p y 


or 


X + p II =/(p)- 


i£\ 

dxJ 
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i . 

If we take f ( p ) = 0> we hare 

x dx + y dy = 0, 
x' + y' = c“ 

the equation of a circle. 

(14). Required the nature of the curve in which if MH 
be always taken equal to + y.y ; the points P, 

P' shall be convertible, that is, that M' H shall equal 
x f y + a (y +b) x ^ 

r, MH , T> xy+a(y' + b) 

Since P = — — _ , we have P = —2 f ; 

M P <r 

therefore the equation P' = P gives 

xy + ay' + ab = X , 'i/ + a y + a b, 

a(y' - y> = x'y' — xy. 

Again the equation y — y — (P — x) . P gives 

whence 

o x'y — axy = xx'y — x*y + ax' y' — ax y' + a — x), 
that is, 

a(y ~ y)-* = (*2/ + «£)(*' - *)• 

This combined with the equation (a) gives 

, _ (a - x)(xy + ab) 

' a x ’ 


whence it is easy to obtain 


x> = 


a 1 6 
xy + a b 
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These values give 

p = x y + ab = p> ’ 
a x ’ 

which substituted in the equation 

y = Px +f(P) 

gives 

y (a — x) = a h + a .f (P) 
or simply changing the form of the function f, 


y( a 




If we suppose the arbitrary function constant and equal 
to c\ we get y (a — x) — P, the equation of an hyperbola. 


SECTION XI. 

On Circulating Equations. 

( 1 ).* To find an analytical function of x, which when 
x is made to pass in succession through all integer values 
from 0 to infinity, shall assume in regular periodical rotation 
the n values a, b , a , b, c....k, &c. 

Let a, (3, 7 .... v be the ji ,h roots of unity, and let 
c _ o' + & +7'.. .. + v‘ 

— 9 

n 

then if we take 

P, = a . S, + b . , + t . „ + „ 

P, will be the function required. The reason is obvious, 
when x is a multiple of n, the function S, becomes unity by 
reason of the property of the roots of unity, demonstrated 
in works on Algebra, but in all other cases its value is zero. 

* s 
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Now some one of the values x, x— 1,. + 1, is ne- 

cessarily such a multiple, and x being made to vary from O 

to infinity, this one will be either x, x — 1, x — n + 1, 

x, x— 1, ....Sac. in rotation, so that the function P, will 
reduce itself to a, b, . . . .k, See. in the same succession, and 
is therefore the function required. 

(2) . To find a function P, which shall assume in regular 
periodical succession the same values as those of n other 
given functions o„ b, t c , . . . . k,. I say that 

P,— a x .S, + b, . <S,_, + ... .k x . !• 

For, the values of P, corresponding tox = 0, 1,2, 

n — 1, n, n + 1, . . . .&c. are respectively a 0 , b,, e„ 

brt — ,, 0 N | b n + ,, &C. 

The functions described in the above paragraphs are 
“ circulating functions,” and may be distinguished into those 
with either constant or variable coefficients, of which we have 
here instances. 

(3) . Theorem. Any symmetrical function of S„ 

. . ..S,_« +1 is invariable. For when x varies from 0 to 
oo , some one of the values of these expressions is always 
unity and the rest zero, and, the function in question being 
symmetrical, it is no matter in what order this takes place, 
the order of its elements being of no consequence. The 
function therefore has the same value,' whichever of its 
elements becomes unity, the rest being all zero. That is, 
it is invariable by the variation of x from integer to integer 
vatues. Thus 

S, + + $*_ ,+ .... Sr — . + , — 1, 

S,. S,_,. s,_,.... . = 0 . 

(4) : Every symmetrical function of the circulating func- 
tions P„ P T — i, is in like manner invariable, 

provided the coefficients of P„ &c. be constant. 


“jscCT- 
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For every such function is a symmetrical function of 

S,_„ „ as will appear if we consider that 

by reason of the properties of the roots of unity, we have 
■S,_„ = S„ = S,_„ &c. and consequently, 

P, = a . S, + , 

p,—i — k . s, + o.‘S,_ 1 + ....y.s,_ n +, 

P,—i =j.S, + k. , 


P,— ■ + , = b . S,+c . S,_, + . . . . a . S,— H+v 

Now any symmetrical function of the second members of 
these equations will obviously involve S„ S, _„.... S, _ „ + „ 
symmetrically, and will therefore be invariable. Its value 
also will evidently be equal to that of a function similarly 
composed of the coefficients a, b, &c. Thus for instance, if 
P, = a .S, + b . „ (n being = 2) we have, 

=(«. S, + 6S,_ +b.S ,) 

= ab(S,)'+ a*(S,_,y=ai(S/+ 

(5) . For instances we may take 

P.- P.-i P »— « 4 - i — a .b.c....t ; 

P , + P,-., + .. + , = s + i+ r + ....fj Sic. 

(6) . Circulating equations are those whose coefficients 
are circulating functions. To resolve them they must be 
reduced to others, whose coefficients are of the ordinary 
form. The preceding propositions enable us to do this. 
To begin with a simple instance, let 

«. + , ± P, .u, + I ± u, = 0, 

where P, is a circulating function of the second degree (or in 
which n = 2, P, = a . S, + b . S, _ ,). 
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Assume u s = v, . y/( P,), 

then will u, + , zzv, + , s /(P M + ,) = v, + ,.y/{P.), and the 
equation becomes 

V, + ,y/(P.) ± P,.v, + l . v'CP.q.,) ± v lS /P, = 0, 
or 

•»- + , ± v, + 1 . V(P, . P.+ J ± v, — 0. 

Now the coefficient of the second term \/{P, P, + ,) being 
a symmetrical function, is invariable by (4) and equal to 
V(a b). We have, therefore, 

v, + , ±^(ai)-v, + 1 ± v, = 0, 

an ordinary equation with constant coefficients, and easily 
integrated. 

(7). A more general process however, and applicable to 
all circulating equations is to assume for the independent 
variable, a circulating function with unknown and variable 
coefficients, as in the following equation, /• 

u, + (a . S, + b . S,_,) m,_, + (o . S, + (i . <$,_,) = 0. 

Assume u, = A, . S, + B , . S, _ „ and we have by sub- 
stitution and by Art. 5. of this Section, 

A,. S, + B , . S,_, 

+ a B, _ , S, + i.J.-iS,-, > = Oj 

+ a . S, + ft • 3 

whence, equating to zero the coefficients of S, and S, , 

separately, we obtain 

A, + a . B'_ l +o = 0; B, + b . A x — j + ss 0. 

Eliminating B,, we find 

A, — a b . d,_, + (« — at 3) = 0, 
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whence, A, is found, equal to 

(C . S, + C { y/(a £) | ' — » 

and thence we derive by the second of the above equations, 

B,= -b{ s/(a b) 1 — ’ (C- . S. + C . S,-,) - • 

If these be substituted in the expression for u n we get 

«.= CJ y/(.ab)\\ { ,/a.S , { 

(° - ap)S, + (fi- &«)S,_, 

1 — a b 

which contains (as it ought) only one arbitrary constant C. 

(8) . Suppose the equation were 

«» + (fl • S x + b ■ S , — ,) w, — , + c = 0. 

Here c=c .S x +c . S,_,; therefore this is only a particular 
case of the preceding, and so of any other constant coefficient 
in a circulating equation. This gives, consequently, 

tt,= C { \/(a b) } * . { ly a . S x — s fb . S,_, j 

. n-o)S, +{l-b)S,-, 



(9) . Let the proposed equation be 

u x + 1 R.u, = P x , 

where R is constant, and P, any circulating function the 
period of circulation being n, or 

P, = a . S, + b . + . . . . k . S ,~ m + ,. 

(10) . Let the equation to be integrated be 

w* + ! — R .u, + P, = 0. 


Digitized by Google 



142 

where R is constant, and P, any circulating function of the 
form 

a S, + b S,—., + c S,_,+ . . . .k + 

Assume 

», = A,.S, + B,. „ 

then . 

u *+i = B, + , S, + C,+ , S,_,+ A,+ , <S,_ B + 1 , 

and the equation becomes by substitution 

0 = (.B,+ l — Rs$,-i-a)S,+ (C,+ 1 — R . B, + b) S,_,+ 

+ (A. + 1 -R.K,+ k)S._ H + i 

whose terms severally equated to zero give ' 

B, + x = R A, — a, 

C, + l = RB,-b, 

A, + 1 — R K, — k , 

whence we get 

C, + , ~ R* A, — ( Ra + b). 


A, + n = R*A, - (a ft"—’ + b R n — 3 + 

This last equation integrated gives 

A x = R’ . { C ■ S, + C . S,_, + C { 

+ bR—.... + f 
1 — R" 

C , C', being n arbitrary constants. Now since we have 

#i = • S’, + B, . S, _ , + &c., 

we may neglect in the value of A, all the terms but that mul- 
tiplied by S„ in B, all but that multiplied by &c. 
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Which comes ultimately to the same as making C', C", &c. 
= 0, because u, can only contain one arbitrary constant C*. 
This done we get (putting Q for the constant part of the 
> value of A,), 

A, = C.R‘S,-Q, 

B, = C . R' S,_, -(RQ + a), 


K,= C.R'S,_ n + l -(R'-'Q+aR*-' + iR— 
which substituted give 



b R'~' + ... .kR + a c 

1 _ R* ' 


kR'~ 1 +aR n ~'+ ....i c 

fTTF *'“" + *■ 

(11). Let the equation be 

«, + 1 - P.«, + P‘, =0, 

P , and P', being respectively equal to 

a S, + b . <S,_, + . . . .k . + „ 

and 

a S* + P S, — i + • • • ** S, — * + r 

Making the same substitution for u Jt the equations for deter- 
mining A„ 8cc. will be 

* The same result will be obtained, if we retain all the. con- 
stants and investigate in general the values of A„ B„ K,. If 

these be then substituted in the ‘expression for u n the super- 
numerary constants will all destroy each other, of which we have 
already seen an instance in Number 7, of this Section. 





Digitized by Google 



144 

B, + 1 = a . A, — d 

C, + i = b . B, - (1, 


K M -t- i — j • Jm ~ * 
A, + 1 = k . K, - «. 

These give 

C. + , = abA, — (ab + 0) 


#, + „_!= abc.. . .j .A,- (be j . a+c j ■ /3 + . . . t) 

A, + „ = abc k$A x -~-—- — - — , 

t a a b a b . . . . « J 

% 

which integrated gives 

A, = (abc Ic) n . j C . S, + C' . &C. } 


- + ; 

a a b a b . . . .k 

1 — abc. . . .k 


(abc. . . . b) 


and putting Q for the constant part, and N for (a . b k )• 

and, effacing all the arbitrary constants but the first, as in the 
last number, 


A. = CN‘.S,-Q, 

B, = C . N’ — ‘ S,_,— (a Q +«), 

C, = C .abN’—' — (ab.Q + ba+f 3); &e. 

which substituted give 


u, = C. } N'.S, + a N’~' S,_,+ 

(abc.. ../)N’~ a + ' S,_ n + , { 

_ N (t + L+ * e 

1 _ N\a + ab+"" ab....lt) " 
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JV 

1 - N 


N 

1 - N 


(f 

G 




c . . . .* a/ 

r-^— .) s —+- 

k a b . . . . ]S 


(12). It is sometimes necessary to reduce two or more 
circulating functions with different periods of circulation to 
a common period. This is easily accomplished.* suppose for 
instance the functions were 

a . S, + b . i, (where n— 2), 

and 

a.S. + ft. S,_ , + 7 • (where n =3). 


To denote these and similar functions more readily, sup- 
pose we take 

$ w _ sum ■ I ' u ' powers of »“ roots of unity 
n 

Then will the two functions in question be represented 

by 

a . + b . S, _,«•>, 

The first of these is obviously equal to 

a . S,“> + b . + a . S'-,** + i 

+ U.S,-* + 

Because when either x, or x—2, or x — 4, is a multiple of 6, 
it is so of 2, and therefore i is a multiple of 2, conse- 
quently both functions reduce themselves to a ; again, if 
x— 1, or x- 3, or x— 5 , be a multiple of 6, and therefore of 
2, x— 1 must necessarily be a multiple of 2, so that both 
reduce themselves to b. In like manner it may be proved 
that the other given function is identical with 

# T 
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+ « . $,_,<*> + ft . S,_ 4 « + 7 • 

so that the two are thus reduced to the common period 
6=2X3. 


If the separate periods have a common measure, the 
compound period will be their product, divided by this 
common measure. The reason is obvious. 

By this means should equations occur involving circula- 
ting functions with different periods, they may be integrated. 


(13). The following general property of circulating 
functions may be mentioned in addition to those enumerated 
in 3, 4, S. 


Let 

P,= a, . S, + b, . S',— , + . . . . k, . + „ 

Then 

/(P,) =/(«,) . S, +/(*,) . S,_, + . . . ./(i,). „ 

or any function of a circulating function is itself a circulating 
function , whose coefficients are similar functions of those of the 
original one respectively. In like manner, if P'„ P"„ & c. be 
other circulating functions, 


/(P„ P'„.. .)=/(«„ ).S, '+/(*„ P„...)S,_. + &c. 

Thus for instance (if the coefficients be constant) 


P, + P'. 

1 - P, P', 


a + a - h + h ,, _ 

-S,+ — S,_, + &c. 


I — a a 


1 — b y 


we shall have occasion to recal this principle hereafter. It is 
too evident to require a formal demonstration. 

(14). To determine the integrals 2 S, and 2 P,. 

Putting 2 S, = «„ we have u, + t — u,= S„ and this may 
be treated as a circulating equation ; thus assuming 


Digitized by Google 



14? 


u i— A, . S, + B , . »V X _ , + . . . . K s . S,—„ + „ 
we have 

0 = (5 X+ , - A, - 1) S, + (C,+ , - B.) S,_, + . . . . 

* +i » •+■ 1> 

whose terms severally equated to zero give 

B, + , = 1 + A, 

C, + , = B, 

A g 4. 1 = K gt 

whence we get 

A x + » = 1 + A,. 

A particular solution of this will suffice for our purpose, and 

it is evident that A,=.~ will satisfy it. This gives 
n 

= — + li = + l,....&c. 

n n 

and finally 

u, = i { x . S,+ (x + »— l)S x _ 1 + (a , + «-2)S x _, 

n 

. . . . (x + l) S x _, + , } + const. 

= const + i(S, + 5 X _, + S,_, + ,) 

n 

+ ■ + . . . ■ 1 . S,—, + l 

n 

5 = const + - + - { («— + (m-2)S,_, 

« n 

• • ■ ■ + 1 • S , — « + 1 } • 
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Hence, if JP r =o . S, + l>. S,_,+ 1 . + „ we get 

JP,= const + (a + b + . . . .4 ) . - 

fl * 

+ i { 0 . 0 + I .b + ....(« — 1). 4 | S, 
n 

+ 1 | (n— l).a+0.6 + (w-2).4 } i 

n 

+ 1 j (n — 2) .a + (» — 1) . b +0.e + . . . i J S »— i 
n 

+ 1 { 1 . 0 + 2.4 + l)./+0.4 } S,_, +1 . 


SECTION XII. 

Of continued. Fractions. 

(t). To determine the value of the continued fraction. 




a. + - . C, 


or, as it may more conveniently be written *, 

? 

— • 

o. 


^ l ^2 Cj 
°1 + °9 + a 3 + 


Let the fraction be put equal to u,. Then we have 

_ £ i _ c \ • a, 

"■ ” > “• — ; > 

«, „ , C, fl, . < 7 , + C S 

"1 + — 

a. 


* After the example of Bunnann. 
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and so on. It appears then, that u , is reducible to the form 
N 

~ , N a and 1), being the numerator and denominator of a 

certain rational fraction, each composed of combinations of 
a „ 0 ,, &c. c„ c„, Sic. formed by multiplication and addition. 
Let us now examine them more closely. To this effect we have 

_ c, _ Ci a . o 3 + f i • C, 

3 ~ _ , c,a 3 + c,)a 3 + 0 , • r, 

. ° l + 

« 4 = — 

a l + g s • a, + c, • f, 

* (o, 0 3 + c,)a A 4 - a, 

(.Ci S, • Sj 4" Ci * C,) 0 , 4" f] fl, • 

~ (o, a, a , + «! r, 4- r, o 3 ) 0 , + («, o, + r.) <r 4 

and so on. Hence, we have the following series of equations : 
N, = ci 

N a — c t . s, 

N 3 = c, . c 3 + c, a , ; 0 3 

W, =M‘i a,.c t + (r, . r 3 + r, o 2 . a,) a 4 j &c. 

that is, 

N, = N, 

N, m N, 

N 3 = c 3 . N, 4- a 3 . N, 

N t = c t .N, + a t . N, 

N g + a = 4 ' -^x 4" Ox 4- , • JV, + I j ( 1 )• 

Similarly, for the denominators, we have 
D, = o„ D, = c, + Oi a s 

Dj = 04 . r 3 + (r, + flj a,) . 0 3 

■f^x + 1 — 0 , 4 -, Dg 4 . j 4* c, + , D. i ( 2 ). 
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The integration of the equations (1) and (2) will therefore 
lead to the values of N , and D„ and therefore to that of their 
quotient u x . As these two equations are precisely the same, 
the complete integral of one is also that of the other, and the 
values of N, and D, of course can only differ by reason of 
the different values of the arbitrary constants which enter 
into their expressions. 

The equations (1) and (2) were noticed at the first origin of 
the theory of continued fractions, by Wallis in his Arithmetica 
Infinitorum, Prop. 191. p. 192. (Opera Wallisii. Oxon. 1657.) 
as rules for the ready computation of the approximating 
limits of infinite fractions of this kind, for which purpose 
they are well adapted, as they enable us to deduce the suc- 
cessive numerators and denominators of the limiting vulgar 

fractions ^1, &c. one from the other very readily. 

jD 1 -^4 ^3 


(2). Required the value of the continued fraction 

c _£_ c (to x terms). 

a + a + a + 

Here c , and a, being constant, the integral of the equation 
N, + , = a . N, + . + c N„ 

is N,= C .a‘ + C' . I S', a and /3 being the roots of z’raz +c. 
This integral may be expressed more conveniently for the 
present purpose by changing the arbitrary constants C and C' 

into C + t , and C + j which does not diminish the gene- 
a P 

rality of the equation*, but only reduces it to the more sym- 
metrical form 

N, = C(«' + /3‘) + r'K— + /S '— ). 


* This change of the arbitrary constants might have been 
made with advantage in Art. 393. Appendix, where it would 
have dispensed with a good deal of pretty abstract reasoning, but 
it did not occur at the time. 


)51 


Determining the constants then so that N, = c, N, = a c, 
we get 


N ‘ = T~ c + F) + 2c («'-• + 0— ) ] , 
and since D, = a, and D, = a’ + c, we find in like manner 

D ‘ = a'~V4c * + 2f)( “* + Z®’) + + /9— ) } • 


So that the general expression for a, is 

« = ac (« r + /3*) + 2 c* (a* 1 1 2 + /y- 1 ) 

(a* + 2c)(n‘ + /S') + a c(o* 1 + /J 1 — ■)* 

Let U represent the fraction continued to infinity, and 
suppose a the greater of the roots of the equation z 1 ~a z—c 
=0, (without regard to its sign,) and we get by making x 
infinite 

U =s aca + <j.c‘ 

(a* + 2<)o + at’ 

which, (as may easily be proved,) is one of the roots of the 
quadratic 

U’ + a U — c = 0. 


Thus 


1 1 1 s/5 -l 

— mr. = - 

I + 1 + 1 + &c. J 2 


1 1 


2 + 2 + 2 + &c. 


ad inf. = s/f, — ] , 


2 2 2' + , +2(- ])' + * 

r— - — (to x terms) = 3—1 — i l 

i + i + ' 2* +, + (— i y • 


and to infinity = 1. 
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(3). Required the value of the continued fraction 

1 1 1 1 Q 

H, = &C. 

a + b + a + b + 

continued to x terms, that is, containing a - fractional terms- 

The period of the denominators being a, b, we may 
assume c,=s 1, a,=b S, + a S,_„ where S, is the sum of the 
a' h powers of the roots of z'— 1 =0, and we have by (Art. 1.) 

JV. + . — iV, =(»$,+ n s.-j N,+ 

This equation is the same with that integrated in 6, Sect. 1 1. 
and taking 

v, . y/(b . S, +■ a . S, _ ,) 

= », . (y/b . S, + y/a . S,_ ,), by 12, Sect. 1 1 . 
we have seen that v , is given by the equation 

o, + , - y/(a + v,= 0. 

Let then a, 0, be the two roots of 

2 * — s/(a b ) . z — 1 = 0, 

and we have 

N,= { V^.S._ 1 +v''F. S, | [f(« t + /i')+c'(a'- , + /3'-‘)]. 

To determine the constants we have N, = 1, N., = b, and 
since the value of D, is precisely similar, the constants only 
being determined by making D l =a, D, — ab + I, we obtain 
after substitution and all reductions the following value of 
the continued fraction 

N, _ /b v'C a b) K + /3') + 2 («*-* + 0—') 

Z), V ~a ' (ab + 2)(a’ + 0‘) +y/{ab) (<*'-' +0 ‘— ’)* 

As before, let a be the greatest root of the equation 
2 ® — y/(a b) . 2 — 1 = 0 , without regard to its sign, and let U 
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represent the value of the fraction ad infinitum. Then by 
making x infinite, we get 


U 



2 + a . y/(a b ) 
\/( fl b) + a (a b + 2) ’ 


which is readily shewn to be a root of the equation 


U* + b U = - , 

a 


by substituting for */(ab) its value a 


1 

a 


(4). To determine the value of the fraction 

i £, 

I + 1 + 1 

regarded as a function of x. 

If we would employ the preceding investigations we must 
regard x as constant, and assume another independent variable 
2 , and another function of it p„ such that 

c,— p x — , + ,• 

This gives 


c m — Pn — Pa* c * — > + i — P i* 


If then we enquire by the methods above delivered the 
value of the expression 


1 

1 + 1 + 


£ 

i 


in its general form, as a function of z, and then write in the 
result for p, and its derivative functions, the functions 
c, _ , + ! and others similarly derived from it as a function of 
s, and finally put z = 1, we have the value required. But 
the following process is simpler, and less liable to mistake. 


154 


Assume u, for the value required. Then 


., = 1 + 


+ 1 


U, + ! u, = u, + t, + I> 


or, taking 


u. 


v,+ i 

v. 


v, + , = v, + , + c, + , v, 

an equation of differences of the second order, the form of 
which it will be remarked is precisely that which determines 

W,_, and D,_, in the value - 1 - of the function 

*-'x — I 

fl £* . (See Prob. 1.) 

1 + 1 + .1 

But though the equation of differences is the same, the 
nature of the functions derived from it will be essentially 
modified by the different constants required to adapt its 
integral to the two cases. Still, however, this coincidence 
assigns a relation between the two functions sufficiently 
remarkable. 

In fact, let (A, + C . B,) x C‘ be the general value of v„ 
Then will 

, A A, + C . A B, 

~ A r + c;f—’ 

and 

N '->- r A ‘ + c " 

A-, " ‘ A, + C" B x 

where the constants depend on the values of c„ e„ A„ A,,, 
Bj, B„ and are easily determined. Now these expressions 
are respectively the values of 
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and 


Cj f,_i £j 

1 + 1 + 1 


£j ft £» 

1 + 1 + 1 ' 


(5). Having given the value of 


1 + — ±=1 .. ... 1* = V x . 
1 + 1 + 1 


To determine that of the same fraction with any additional 
denominator at the end, 


1 + 


1 + 


Q—i 
1 *+■ 


Cx 


a 


If we proceed as above, by putting for its value we 

shall obtain the very same equation of differences and there- 
fore the expressions of the two functions can only differ in 
the values of the arbitrary constant C in the expression 

t, 1 + a- - + 1 • Now since one value V, of + is 

A x -4- C . ]j x v, 

given, one value of v , is also known, being equal to 
V 1 . V % . . . . V x _ Hence a particular integral of the equa- 
tion for v, is given, and of course, being only of the second 
order, the complete integral may be ascertained by the 
methods delivered in the text (Append. Art. 382.) : and the 
constant must then be adapted to the case in question. 


(6). To find, for instance, the value u, of the fraction 


1 



c 

rr 


c 

— > 
a 


when the letter c occurs i times 


m 
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a’+‘ + C./3‘ + \ /, 
a' + C . (3‘ ’ 


•0 

»( ,+ 0 


a and /3 being the roots of v' — v — c = 0. 


SECTION XIII. 

Application of the Calculus of Differences to various 
Problems. 

'(1). What are the respective amounts of a given sum 
for x years, at simple, and at compound interest ? 

Let P, be the amount at the end of the year, then 
1st, at simple interest, if A be the original sum, and r the 
interest of £.1 for 1 year, rA will be that of £A, and there- 
fore the increase in one year being rA , P, + r A is the 
amount at the end of the (t + l)" 1 year, but this amount is 
also represented by P,+ Hence 

P, + , = P, + r A, or A P, = r A, 

and integrating 

P,= r A . x 4- C. 

Now the original sum or value of P„ when = 0, is A, 
hence 

P 0 = r A . 0 + C = A, or C — A, 
and therefore, 

P,= A( 1 + rx). 

2d, At compound interest, P, being the capital at the 
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end of the x" 1 year, r P, is the interest in the (x + l) 1 * 
therefore, 

P« + . = P, + r P, = (I + r) . P„ 
and integrating, 

P, = C( 1 + ry. 

Now P , = A, hence C = A, and P r = A (1 +• r)*. 


(2). A person places money in the funds, but gradually 
contracting expensive habits, he spends the first year the 
whole interest, the second twice that of the remaining stock, 
the third three times that of what is left, and so on. How 
long will his property last, and in what year is his expen- 
diture greatest ? 

As before, let P ,= his stock at the end of the X th year, 
r = interest of £ 1, for 1 year. 

Then rP, — that upon P,, and consequently his expen- 
diture in the 1 y b year is O + 1 ) r P,. Therefore at the 
end of the (x+ iy h year his stock will be 

P, + rP,-(r + l)rP,= P,(l-xr). 

Hence, 

P. + , = ( 1 - xr)P„ 
and integrating on the hypothesis = A, 

P, = A 1 (1 - r) (1 -2 r) |1 — (i — l).r|. 

This vanishes when x = 1 + - , which is the number of 

r 

years his stock will last. Also, his expenditure in the x ,h 
year being x r P,_„ and in the next, (x + l)rP, will be 
greatest just before A (jv P, _ ,) becomes negative, because 
then having reached its maximum it begins to decrease. 
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Now 

A ( xr P,_.) = 1.(1 — r) 

{ 1 _ (* — 1). r j { (Jf + 1) (1 - xr) -x } . 


Suppose then 


this gives 


(a + 1) (1 — x r) — x = 0, 





and the nearest integer less than this is the required number. 

If r = — , x = 4 exactly. Here then i(*P,_,)=0, 
20 

when x = 4, so that the sums spent in the 4th and 5th years 
are equal, and greater than in any other. 


(3). A person puts out to interest a sum of money (A), 
he expends annually a portion (a) of the interest, and adds 
the remainder to the stock. What is the amount after x 
years ? 

Call it P, ; then the interest is r P„ so that 
F, + , = P, + r P, — a, or 
. - (1 + r) P, + a = 0. 
which integrated gives 

p, = C (l + ry + 1 . 

The constant C, must be determined by the consideration 
that P. the original stock is equal to A which gives 

C = A--, 
r 

and , 

P =( A - 0 {l+ry + °r’ 
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If a exceed the interest, and on that supposition we would 
find how long the money will last, make P, = 0, and we 

get 

_ log a — log (a — r A) 
log (1 + r) 


If we would find what annual sum a stock-holder may 
expend so that his property shall just last out his life, 'on a 
fair calculation, call x the number of years he has a reason- 
able expectation of living (calculated from the tables of mor- 
tality) then we have 


a 


ss r A . 


(1 + ry 

(1 +ry- l' 


(4). A has <£.1000 ( = A) in the funds at 5 per cent. 
(= r). He spends the first year the full interest of his 
capital £.500, the next <£.1000, and so on in regular arith- 
metical progression. How long will his property last ? 

As before, putting P , for his property at the end of the 
r ,h year, we have 

P, + , = f\(» +»•)-(*+ 1 )-rA, 

which integrated gives 

p.« 

Hence we have to find r from the exponential equation, 

(1 + (■)• = i + r + rr, 

and since r = -i- , x = 6 . 6 nearly. 

20 7 

Were a more exact value required, we must proceed thus: 
Suppose f{pc) ss 0, and a being an approximate value of x, 
let a + h be the true value, then will k be small, and the 
equation 

/(a + h) = 0, 
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developed by Taylor's theorem gives, neglecting h', &c. 
whence, 


/W + A.^=0, 


, /(a) .da , , , 

" = ~ js, \ > and x = a + h, 

«/(«) 

is a second approximation. 

In the present case, 

/(a) = (1 + rY - 1 - r - r a, 

~2~ = (1 + rY • log (1 + r) — r, 


and 

h = 0 + r -f ra)-(l + r)‘ 

(1 + r)* log (1 +*•) — *■’ 

= - 0.00453, 

so that a second approximation is x = 6.59547. 

(5). A man spends every year twice the sum he gained 
by a certain business the year before. That business, how- 
ever, becomes every year more and more profitable, and he 
finds his property increase regularly, as the square of the 
time since he began business. In what progression do the 
profits of his trade increase ? 

If we call P, the profit in the x“‘ year, the problem leads 
to the equation 

P, + l - 2P. = a(2x + 1), 

whence we find 

P, = a { 5.2’~' - (2ar + S} \ + P,.V~ 

Now P, = a . 1", hence P, = a (3 . 2’ — 2 x — 3). 


(6). An individual sets out in the world with a certain 
capital (A), one-half of which he places in the funds at r 
per cent, and the rest, ventures in a concern which produces 
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2 r per cent, per annum, but which returns the interest only 
once in two years ; he lives at a stated rate of expenditure 
( a £ per annum) and puts all his gains and savings into the 
funds. Required his funded property after any number (x) 
of years. 


Call his funded property at the end of the (x ,h ) year P x . 
Then, if x be an even number, the interest on that part of 

his stock (0 which is vested in trade does not accrue in 

the (x + l) ,b year, so that, (x being even), 

P. + , = (1 + r)P, — a, 

but when x is odd the interest for two years at 2 r per 

A A 

annum, accrues on the capital — , that is, 4 r _ or 2 r A, 

2 2 

hence, (x being odd), 

P x + , = ( 1 + r) P, — a + 2 r A . 


It may not, perhaps, immediately appear how these equa- 
tions are to be treated ; because in either of them, if x be 
increased by unity, the equation ceases to be true, and there- 
fore the function P, cannot be found by integrating either of 
them separately, the law of continuity being broken. To 
supply this, and to include the odd and even values of x in 
one analysis, we must have recourse to the theory of cir- 
culating functions above delivered. In fact, since the cir- 
culating function of the second degree 

a . S, + (a — 2 r A). S ,^ „ 

is equal either to a, or to a — 2 r A, according as x is even 
or odd, the equation 

P,+ , — R.P,+ j a ,S, + (a - 2 | =0, 

(where R = 1 +r) includes both the others, and admits of any 
value being assigned to x. The law of continuity being 

* x 
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thus restored we may find P, by integration, and we get 
(9, Sect. It.) 

P, = C .R‘r aR — 

(a — 2r ji) R a ^ 

f^Tj fci 'f 1 ’ 

and determining C so that P„ = \ A, his funded property at 
the outset, and writing for S, and S,_, their values 

* + ^ and 1 ~ — » we get finally, 

p - 4 5 ( r + 6 K 1 + r >'+ 2,, (~ 1 > , -i|-f {(l+rr— i } . 

(7). The same being supposed as in the last problem, 
only that the part of his capital vested in trade, yields r' per 
cent, per annum, but returns interest only once in n years. 
Required the amount of his funded stock after any number 
of years. 

In this case the equation 

P j -+• 1 — R • Pf — a > 

holds good for every value of * unless when x + 1 is a mul- 
tiple of n (and therefore x — n + 1 such a multiple) when it 
changes to 

P, + 1 = R.P, — (a — b), 

A 

where b = n/ . — . In this case then we have for our cir- 
2 

eulating equation, 

o = P t + 1 — R . P, + -ho. S,— , + 

{a ~ b) £jr— a 4- 1 j , 

which integrated as in (9, Sect. 1 1 .) gives 
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P — C R’ 4- a 

b 

r M — T ^ 

1 R n - l 

1 S. + R.s, , + 

R*~‘ , } . 

the constant C being determined as before, by taking x = 0, 
is found as follows : 

c — ^ + * 

a 

a + — i 

R - 1' 

_ A f , a. nr ' 


.1 

tc 1 

/- 

H 

>3 

S 

1 

) R - 1 


(8). Suppose a merchant engaged in more than one 
such concern as those described in the two last problems. 
To determine his funded property after any time. 

Let n represent, the least time in which the interest of 
funded capital can be made readily to accrue, ri, ri', &c. the 
intervals at which the several parts of his capital embarked 
in commerce return their interest, the least common measure 
of all their intervals n, ri, ri', &c. or of such as differ from 
each other, being taken as the unit of time. Also let 
A', A", &c. be the several parts of his capital so embarked, 
and ri, r", &c. the rates of interest they yield in the time 1 . 
Lastly, let A be his original funded capital, F, its amount 
after x such units of time have elapsed, r the rate of interest 
in the funds for the time 1, and a his uniform rate of expen- 
diture in that time. Then we have 

F, + , = P, - a, 

unless when x + 1 is a multiple of either n, ri, &c. in which 
several cases, the terms 

nr . F„ ri ri A' &c. 

* 

expressing the respective sums accruing as interest at these 
moments arc to be added to the second member. Employing 
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then the notation of (11, Sect. 11.) the circulating equation 
embracing all these cases is, 

P.+ , = P,0 + 

-* + rir'A'.S, +8tc. 

Take nt = the product of n, ri, &c. divided by all the 
greatest common measures of any two or more of them, and 
this equation is transformed to 

0=sP, + , 

-P.{l+nr(5._. +1 « +« M + I «)} +a- 

— ri r A' { + + } 

— n" r" A', &c. 

Now, since 

l = - .... 

and 

a = a . SJ m) + . S, _,<"■> + &c. 

If we take ' 

a, = 1, a,= 1,. .. a, = 1 + » r, a„ + 1 = 1, o, + , = 1, ..... 

= 1 — nr ,. . . . &c. 

= 0, ~ 0, b„, — u r A , 6,. + i = 0, 

b m . = ri r' A', &c. 

Ci =0, c„.. = ri' r" A" , c n - + , = 0, &c. &c. 

and finally 

— a -f b, +c,+ .. .=a, — a + b, + c s + . . . = /?, &c. 8tc. 
our equation will become 

P,+ +••••«» + , w 1 

- { « . S,_„ + ,<-> } = O, 

whose integral is given at full length in ( 10, Sect. 1 1.) 


Digitized by Google 



165 


In this case we have 

N = (1 + nr)". 


and taking P„ = A, we find for the arbitrary constant, 


C= A - 


N /« 

1 - N \ 7 t 


+ 



a, a. 



but till the particular values of «, n, &c. are assigned in 
numbers, no farther reductions in the form of this integral 
are practicable. 

(9). A and B engage in play, on the following condi- 
tion, viz. that whenever A wins a game, the stake shall be 
doubled for the next game, but whenever B wins, it shall be 
tripled. When they left off (after * games) it was found 
that they had won and lost alternately, A winning the first 
game. What are their respective gains and losses ? 


Put u, to represent A’s total gain at the end of the ** h 
game, and suppose P, to equal the stake for which that game 
is played. Then, provided A win the 2 th game, we have 
P, .4. , =2 P„ but if B win it P r + , = 3 P,, Now A wins 
it if x be odd, but B if even ; hence in all cases, the nume- 
rical value of x being undetermined, 


P,+ , = (3 . S, + 2 . $,_,) P,; (a.) 

where S, = £ the sum of the a* h powers of the roots of 
P - 1 = 0. 


Again, A u, is A’s gain or loss by the event of the 
(2 + l) th game. It is evidently equal in value to the stake 
for which that game was played (P, + ,) being a gain if' A 
win, or x + 1 be odd, but a loss if he lose, or x + I be even, 
hence 

«, + ,-«. = (S, - $,_,) P, + , ; (6.) 
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It only remains therefore to integrate the equations (a), 
(ft). Now the equation (a) is that of (8, Sect. 12.) whence, 
determining the constant by taking P, the first stake' for a 
given quantity, we find 

P. = P, .v/2 . f v'l . S, + s/s. S,_, } {s/6Y *. 

This given, we get, by substituting the value of P.+ i 
in (ft), 

u. + , - u, = P, . v/2 { </S. S, - v/2. | . ( \/6Y ~ *. 

To integrate this, we take «, = A, . S x + B, . S,_„ which 
gives by substitution and equation of like terms 

B. + t -J.mP l .W«Y 

J, + i — B, = — 2 P l .(-yGY~', or 
A, + t -B x + 1 =-iP 1 .( K /6Y. 

Adding this and the first together, we find 
A* ■+• • — A. = — Pi . (v/6)"> 

and integrating 

4, = cs,+ ^.(v/gy, 

consequently 

P, = C‘ S x + C S, — , -+- - . P 1 ( s /6)* — 

5 


u,= C-\P 1 . { S,.(^6y-4S,_ l .(V6)*-* } . 

5 

But '«„= 0, hence C = i P, and finally 

«, = 1 Pi 1 1 - W ey . S. + 4 .(v'6)'— . s,_, 1 , 


Digitized by Google 



167 

for the total amount of zl’6 gain or B’a loss at the end of 
their play. 

(10). The last problem may be generalized by supposing 
that when A wins, the stake of the succeeding game shall 
become any function whatever of the former stake, and of 
the number of games elapsed since the beginning, and when 
B wins, any other functions. A and B winning alternately, 
what is the total amount of A’s gain or loss ? 

Here we have P, + , = f (P„ x), 

when ,r is odd, and — f (P„ x) when even, so that in 
general 

P.+ , = S, .f (P„ x) + S,_, ./(P„ x). 

To integrate this, or at least to clear it of its circulating 
form, we take ' 

‘ P, = A,.S, + 

Then since f(P„ x) is a function of S ,, it is redu- 

cible to the general form of all circulating functions (by 
12, Sect. 12.) and in fact it becomes 

/(P„ x) =f(A„ x) . S, +/(B„ x) S,_„ 

similarly, 

/.(P*> *) *).£,+/, (P« x ) • — i, 

therefore 

+ i — ;/ i (^n x ) i + S, — l A, + i — f(B,, x) } = 0, 
which resolves itself into the two 

B. + . =/.(-4«> x) + x =f(B„ x), 

That is, 

A - + i =/ *)» x } 
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an equation of the second order whose integration suffices to 
give A,. If we put x = 2 z and A, t = A,’, this reduces itself 
to the first order, after which it depends on the particular 
forms of f, f, whether the integration be practicable or not. 
A very extensive case of integrability is when 

/(P„ x) = a,. P.+b. 

X) = a,.P, + /?,. 

In this case the equation for finding A,' is linear of the first 
order, viz. 

A', + , = a, a , . A, 1 + (b, + a, (3,) 

— a„ a„ . A,' -f (b„ + a a (3„. 

In like manner, we may proceed when instead of winning 
and losing alternately, the players win and lose in any other 
regular order. 


(11). Let there be a series of quantities A, B, C, &c. 
derived from one another by the following law, 

A =a, B = C =!_!_?_?, Z)= L=±£, &c. 

Required the general term of the series. 


have 


Call the X th term u,, then the (r + l) th being u, + J we 


1 —xu, 

m ' +1 = TTT’ 

(x + , + XU, = 1 

an equation of differences which integrated give, 
xu, = \ + C . (- \y 
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and determining C so that it, = a 

u = _L + (il zLlHrill*. 

2 ar 2x 


(12). Suppose we have 

.4 = a, B = 2 A* - 1, C=2fl*-1, &c. 

Required the x' h term of this series. 

Here u, + , = 2u,’ — 1 , 

an equation which integrated gives 

it, = 1 j (a + s/a* — 1)* ,— ’ + (a - s/ a* — 1 )*' ' j • 

the constant being properly determined. In the same way 
we might proceed, if we had 

A = a, B = /(A C =/(B), D =/(C) &c.-, 


(13). To integrate the differential expression 

y * i** tf x 

vAl - x 5 )' 

Assume it equal to B, (being a function of n to be deter- 
mined). Then, integrating by parts, 

„ . „ xdx 

F, = fx" - 


s= - a' 


v(i - *r 

Vd -*•)+(««- 1 )/x"-'dx. vTl -x*), 


. I — X* 

or, putting F n = x*»- ‘ n/U - x>), and writing — i _ 
for «/(l — •**) 

F n =- P.+ (2 » — 1) (B„_ , - B„). 

That is, 



* Y 
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an equation of differences (« being the independent variable) 
whose integral is 

F - l ’ S S (8 ”~ 

” 2.4 (2 «) 



2 4 . (2 m) 

1 . 3.5 ...... (2 m + 1 ) 



The integration denoted by the sign 2 not being practi- 
cable we must (as in 3, Sect. 4.) write at full length the 
series of which the integral consists, viz. 


r p *+7 V p * + 


2.4 (2 n — 2 ) p 

I.S.... (2m — 1) ’ 


and determining C by the condition 
d x 




— - = sin -1 x. 

V(l-**) 

we get, restoring the values of P„ P„ 8tc. 

p 1.3 (2 n — 1 ) 4 . , / x 

" 2.4 (2 n ) L Vl 


+ ~ + 
1.3 


8.4 .... (8 » - 2 ) 
1.3 ( 2 m - 1 ) 


) VO -*•)} • 


If we only require the value of the integral between the 
limits x = 0, and x = 1, since x’" - 1 . ^(1 — r’) vanishes at 
both the limits, we have P„ = 0, and our equation of differ- 
ences (a) is simply 



which gives 


F„ = C x 


1.3 (2w — 1) 

2.4 (2 m) ’ 
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